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ABSTRACT. We study fundamental convergence properties of an adaptive al-
gorithm based on the dual weighted residual error representation,

error = E error density X mesh size?t?,

elements
applied to piecewise linear tensor finite element approximation of functionals
of solutions to second order elliptic partial differential equations in bounded
domains of R?. We show first that the optimal adaptive isotropic mesh uses

a number of elements proportional to the d/2 power of the Ld+2 quasi-norm
of the error density; the same error for approximation with a uniform mesh
requires a number of elements proportional to the d/2 power of the larger
L' norm of the same error density. The main result is then a proof that
the adaptive algorithm based on successive subdivisions of elements reduces
the maximal error indicator with a factor or stops with the error asymptoti-
cally bounded by the tolerance using the optimal number of elements, up to
a problem independent factor. An important step is to prove that the error
density based on localized averages of second order difference quotients of the
primal and dual finite element solutions converge pointwise. The averages are
used since the difference quotients itself do not converge pointwise for adapted
meshes. The proof uses weak convergence techniques and a symmetrizer for
the second order difference quotients.
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1. INTRODUCTION TO ADAPTIVE FINITE ELEMENT ALGORITHMS

This work analyzes the convergence rate of an adaptive finite element algorithm
to approximate functionals of the solution, u : 2 — R, of the second order elliptic
partial differential equation

(1) —div(aVu) = f

in an open bounded domain 2 C R? with boundary condition u|sn = 0. The
paper presents, for simplicity, first the two dimensional and linear case, d = 2 and
a, f : Q — R, which then directly generalizes to higher dimensions, d > 2. It is
also easy to extend the study to some nonlinear problems, see Remark 2.8. This
work uses some simplifying properties of linear tensor finite element approximation,
but an extension to approximation by piecewise polynomials of degree k > 1 seems
possible.

There are numerous studies on error estimates for adaptive finite element meth-
ods applied to partial differential equations, e.g., [1], [3, 4], [6], [7, 8], [16, 17],
[18, 19], [23], and some work on the convergence of adaptive algorithms [5], [14],
[24]. However, important numerical complexity theory, on how convergence rates
for adaptive finite element algorithms depend on the computational work, is not as
well developed, but there are recent contributions. The work [13] shows the effi-
ciency of adaptive approximation of functions, including wavelet expansions, based
on smoothness conditions in Besov spaces. Inspired by this approximation result,
first the work [11] proves that a wavelet-based adaptive N-term approximation al-
gorithm produces a solution with asymptotically optimal error in the energy norm
for linear coercive elliptic problems. Then [9, 25] extend the ideas of [24] to prove
similar optimal error estimates in the energy norm for piecewise linear elements
applied to the Poisson equation. The modification includes a coarsening step in the
adaptive algorithm to obtain bounds on the work.

Our work focuses on linear tensor finite element approximation of functionals of
the solution to (1), inspired by [8], [16] and [17]. Section 2 uses the dual weighted
residual method to derive an asymptotic expansion of this error, with computable
leading order term ), ﬁKh?d where hg is the mesh size and px is the error
density for element K. Section 3 applies this expansion to prove convergence rates,
depending on the number of degrees of freedom, for an adaptive finite element
algorithm.

What is the right measure of convergence rates for adaptive finite element al-
gorithms applied to (1)? For a constant mesh size h, approximations with error
O(hP) require computational work with O(1/h¢) operations, using optimal multi-
grid solvers. The accuracy ¢ = O(hP) is hence asymptotically determined by the
number of elements N = O(1/h%) = O(e~%/?). This simple asymptotic complexity
estimate, O(e~%/?), is one of the most basic and well used numerical analysis mea-
sures of the performance of approximations. Analogously, for adaptive methods, it
seems natural to study the approximation error and the associated work, propor-
tional to the number of elements, as the tolerance parameter tends to zero. For the
second order accurate piecewise linear finite elements on a uniform mesh, the num-
ber of elements to reach a given approximation error turns out to be proportional
to the d/2 power of the L'-norm of the error density; this work shows that the
smallest number of isotropic elements in an adaptive mesh is proportional to the

d/2 power of the smaller LT quasi-norm of the same error density. These norms
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of the error density are therefore good measures of the convergence rates and define
our optimal number of elements, explained in Section 3.

Section 3 constructs an algorithm which subdivides the elements with error indi-
cators, \pK\h?d, greater than TOL/N and stops if all N elements have sufficiently
small error indicators. In particular the algorithm has no coarsening step. Theo-
rems 3.1, 3.4 and 3.5 in Section 3 prove that each refinement level of this adaptive
algorithm decreases the maximal error indicator with a factor, less than 1, or stops
with an error asymptotically bounded by TOL and with asymptotically optimal
number of elements, N, in the finest mesh, up to a problem independent factor.
The total number of elements, including all refinement levels, can be bounded by
O(N), provided the tolerance in each refinement level decreases by a constant fac-
tor, see Theorem 3.8. Varying tolerance has the drawback that the final stopping
tolerance is not a priori known; on the other hand, with constant tolerance, the
total number of elements including all levels is bounded by the larger O(N log N).

The reports [21] and [20, 26] introduced adaptive algorithms for weak approxima-
tion of ordinary and stochastic differential equations, respectively. Their extension
to partial differential equations here is partly straightforward except for the point-
wise convergence of the error density and a hanging node constraint: to prove con-
vergence of the error density for approximation of ordinary differential equations is
simple, while the corresponding convergence result for partial differential equations
is hard, requiring structured adapted meshes and detailed analysis special to tensor
finite elements. In fact the work [8] writes ”The strategies for mesh adaption is
largely based on heuristic grounds. One hard open problem is the rigorous proof of
the convergence of local residual terms and weights to certain ’limits’”. Note that
such pointwise convergence of the error density, based on second order difference
quotients, is well known for structured uniform meshes; however Remark 2.2 below
shows by an example that second order difference quotients of smooth functions
do not in general converge pointwise for adapted meshes. To prove convergence of
the second order difference quotients, in the error density, our proof instead uses
localized averages and a symmetrizer.

2. CONVERGENCE OF THE ERROR DENSITY

2.1. An Error Representation. The finite element approximation wy, of u in
(1), is based on the standard variational formulation in the function set Vj of
continuous piecewise bilinear functions in H}(f2), using an adaptive quadrilateral
mesh with hanging nodes cf. [8]. The Sobolev space H{(f2) is the usual Hilbert
space of functions on §2, vanishing on 92, with bounded first derivatives in L?((2).
Let 7 denote the set of quadrilaterals K and let hx be the local mesh size, i.e.
the length of the longest edge of K. Assume we first want to compute a linear
functional value (u, F) = [, uFdz for a given function F € L*(2). Let (-,-) denote
the duality pairing in H~! x H}, which reduces to the usual inner product in L?(£2)
on L? x L2. Define the residual R(v) = —div(aVv) — f as a distribution in H~1(Q)
for v € H3(2). Then the variational problems for u € H () and uy, € Vj, are

(R(u),v) = 0, Yve Hg(Q),
(2) (R(up),v) = 0, Yve&V.
Define the dual function ¢ € H}(Q2) by
(3) (aVv, V) = (F,v), Vv e Hy(Q)
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to obtain

(u—un, F) = (aV(u = un), Vo) = (R(un), —p).
The orthogonality (2) implies (u — up, F)) = (R(up),v — ¢) for all v € V3, and
the choice v = mp € V},, where 7 is the nodal interpolant on V},, yields the error
representation

(4) (u—un, F) = (R(un), 7¢ — ) .
The global error (4) can be split into residual parts supported in the interior of
quadrilaterals and on their edges

(u—up, F) = Z /K(—div(aVuh) — f)me — p)dx

KeT

(5) i} S
+ /a—7r —)ds,
PO L

where n is the outward normal to the element K and §/0n =n-V.

2.2. Approximation of the Error Density. The goal in this section is to derive
a computable approximation of the error representation (5). An adaptive algorithm
providing a reliable error bound and efficient use of the degrees of freedom must
use an error expansion

(6) (w—up, F) =Y prhi
K

where the error density p is essentially independent of the mesh size, since the
asymptotic error density is used to find the optimal mesh.

Precise analysis of the adaptive algorithms [21] for ordinary and stochastic differ-
ential equations [20, 22] was obtained by deriving convergence of an error density.
This work generalizes those adaptive algorithms to partial differential equations.
The main new ingredient is to prove convergence of the error density. For general
meshes this convergence of the error density p does not hold, since the orienta-
tion of the elements varies. It may hold locally for successive refinements based on
hanging nodes which generate parallel subsequent elements. The purpose here is
to analyze the asymptotic behavior of the error density p for adaptive refinements,
with parallel element edges. Therefore we restrict the study to adaptive hanging
node meshes of parallel squares. The use of quadrilaterals and squares can directly
be extended to higher dimensional cubes using tensor elements. The reason we
first study tensor element meshes with hanging nodes is that they are simple in the
sense that other refinements using e.g. subdivision of simplex, in three and higher
dimensions cf. [15], generate new edges which are not parallel to the old and would
require additional analysis.

To define the error density p we use the linear tensor finite element approximation
n € Vi, of the dual function ¢ in (3), defined by

(7) (aVu,Vr) = (F,v), Yv € V.

Then one would like to use second order difference quotients of u; and ¢ to
approximate the error density. On uniform meshes the second difference quotients
of up and ¢y, converge and the proof uses the translation invariance of the mesh.
However, non uniform adapted meshes are not translation invariant and Remark
2.2 shows that a second order difference quotient of the discrete functions uy or ¢y,
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does not in general converge pointwise to the corresponding second order derivatives
of u or ¢, respectively. We solve this problem by using instead localized averages
of second order difference quotients.

Consider a function w which is defined on a discretization of an interval [0, a]
with nodes {z; : j = 0,...,N + 1} =t N, where zp = 0 and zy,; = a. Let
hy = x;41 —x; and h_ = x; — z;_1 denote two consecutive edge sizes. Then define
the average mesh size h and the second order difference

- hy +h_ i1 — 2
(] - 2 - 2 b
1 (w(z;+hy) —w(z)  w(z;) —wlx, —ho)

8 D2 i = = — .
®  Dul) = (M ul
The localized average is based on a non negative function, ¢* : N' — R, j =
1,...,N with ¢ = 4% (x;) and a positive parameter «, measuring the width of
the average, where the averaging function satisfies
9) W >0,
(10) [h.D*||n = Oa™?),
(11) Yo+ = Ola™),

and the weak convergence

N
(12) > wlhiv(@) — o(z;)| = Oa), Vo e (0,a).
i=1

Define the average difference
(13) D2w(z;) = Z hi D*w ()7 (2;).
i=1

Section 2.3 presents an efficient method to compute such averages Y € RN+2 of
D?w € RY based on the equation

Y; —a?D?Y; = D*w;, i=1,...,N

with homogeneous Neumann boundary conditions, Yy = Y1, Y5 = Yx ;. The con-
vergence proof requires a to be sufficiently large, slightly larger than the pointwise
error |u — up| and |p — pp|.

Let us define hD?w and hD3w as the difference quotients hD?w, in (8), with
respect to the 21 and x5 directions, respectively. The approximate error density, p,
is now defined by

Pic = 5[2(~Va- Vuy — 1)(Dgn + Dfon)

(14) - (aD;uh D%(ph) _ (aD;uh ngph)
- (GD%Uh D%@h)

where e;; denotes the j'th edge parallel to the z; direction in the square K, illus-
trated in Figure 2.2.

Let W1 denote the usual Sobolev space of functions with bounded first order
derivatives in L*°(€2). Our main result in this section is

€12

~ (aDFur DEen) |

€22

€11

€21
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€11

FIGURE 1. Edges ef§ of a square K

Theorem 2.1. Assume the solutions u € C®, ¢ € C* of (1) and (3), respectively,
are for some vy € (0,1) approzimated uniformly with error

(1) lu = unllwiee + o = enllwroe = O(h),0z)

lu = unllzoe + [l — @nllL~ = Oh2L,,),

using piecewise bilinear elements for a structured mesh with at most one hanging
node per edge. Then the global error (4) has the error expansion

(16) (u—un, F) =Y (g + O(hluu/c + a)) b,
KeT

=pK

with uniformly convergent computable leading order error density p defined by (14)
and (8)-(13) for o=t = o(h,,,), satisfying

_a (9Pu 0% | O*u B¢ N
(17) P=13 (8—1"% 922 " 023 3—x§> + O(Mhae/ 0 + ).

The proof of the theorem is based on the uniform convergence of the averaged
second differences D2uy, and D2y, derived in Lemma 2.5, and the convergence of
h=2(mp — ¢) established in Lemma 2.6. The pointwise convergence of the averaged
differences is essentially a consequence of the observation that the difference oper-
ator hD? is symmetric, which is proved in Lemma 2.4, and weak convergence. We
first prove the lemmas and then the theorem.

Finite element approximations of the coercive linear problems (1) and (3), with

piecewise bilinear elements, satisfy the estimate

= up|[oe + |l — @nllee = O(h}, 4 l0g b))

(18)
||u - “hHW“"’ = O(hmax)a
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provided u, ¢ € C%(2), see [10], [12]. This estimate and Theorem 2.1 imply that
the choice

(19) a”l = 0((hma$\/logh;@£$)*1),

yields convergent error densities.

Let p be the limit error density in (17). Theorem 2.1 can also be used in some in-
teresting cases when the optimal adaptive isotropic mesh uses a number of elements
proportional to (HﬁHL s /TOL)%/? < oo while the same error for approximation
with a uniform mesh requires a much larger number of elements proportional to
a higher power of TOL™! because ||p]|;1 = co. The assumption u, ¢ € C? is
then violated. But for some problems it is possible to determine a TOL dependent
regularization of the problems for v and ¢ which makes Theorem 2.1 applicable,
provided the regularization is small enough for the change in the functional (-, F') to
be less than TOL and large enough so that a refined analysis of the regularization
dependent remainder in (16) makes O(h?, ../« + «) negligible, see Remark 3.6 for
an example.

Remark 2.2 (Averages are needed). The uniform convergence proved in Lemma 2.5
applies to the averaged second differences D?uy, and D2pp,. On the other hand, with
uniform meshes the difference quotients without averaging converge uniformly to the
corresponding second derivatives. The following example explains why the second
order difference quotients of the interpolant on meshes with hanging nodes do not
converge uniformly on §2; numerical tests show that the corresponding finite element
solution of Poisson’s equation behaves similar to the interpolant, i.e. second order
difference quotients of the finite element solution with hanging nodes do not con-
verge uniformly. Let u(xy,x2) = 23, so that Oy, u = 0 everywhere, and compute
the second difference D¥mu in the node (—h,0) neighboring the hanging node (0,0)
as in Figure 2. Using bilinear finite elements the nodal interpolant wu is equal to
u in all proper nodes, but in the hanging node 7u(0,0) = h? # 0 = u(0,0). Then
D3ru(—h,0) = h?/h? =1 but 04,5, u(—h,0) = 0. In spite of this, Lemma 2.5 shows
that the averaged difference quotients converge uniformly under the condition that

a t=o(h,}.) as hmaz — 0.

Remark 2.3 (Localization). One would like to take o = a(xj) =~ h(x;), so that the
average is essentially based only on a few neighboring elements. Our convergence
proof determines « by (18)-(19), where in particular o depends on the global point-
wise error ¢ — @p. Remark 3.6 shows a variant of a more refined estimate where «
varies in space.

Note however that, the estimate |p(x) — @n(x)| = O(h?(x)) does not hold for
general meshes: the error representation (4) applied to the equation for ¢ and
the dual corresponding to the pointwise error provides a function G such that
o(z) —on(z) = [, G(x,y)h(y)*dy, which implies that |p(x) — @n(x)|/h(x)* may be
unbounded for optimally refined meshes where ph?>T® is constant.

On the other hand, in practice the algorithm seems to work reasonably well even
without the localized averages, cf. [8].

On a uniform mesh, the difference operator D? is symmetric so that summation
by parts behaves like integration by parts. On an adapted non uniform mesh, the
difference operator D? is not symmetric, however we have
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0 & U FE U

in the hanging node

_h © ]
-2h -h 0 2h

F1GURE 2. Difference quotients without averaging do not converge
uniformly to second derivatives in the presence of hanging nodes.

Lemma 2.4. The difference operator hD? is symmetric, i.e. the diagonal matriz
h is a symmetrizer for D?, and hence, for all v,w € RNT2, the summation by parts
formula

N N

7 7 UN+1WN | VoWl UNWN41  U1Wo
E hiD2viwi = E ’UihiDz’wi + + + — +1_ .
i=1 i=1 hy ho hy ho

holds.

Proof. Summation by parts proves the lemma

N N
Z 7 M2 Z Ui+l — Vi Ui — Vi1
hiD Viw; = ( . - . )wl

i=1 i=1 i i1

N

_ ZU‘(U}HI Wi W — U)ifl)
1 ' h; hi—1
i=
n UN+1WN 4 Vowi UNWN41  V1Wo
hy ho hy ho

UN41WN | VoWl UNWRN 41 V1Wo

hy ho hy ho

+

g

This symmetry of hD? is the essential ingredient to obtain convergence of the
averages D2uy, and D2y,

Lemma 2.5. Assume that u, ¢ € C3 and
hZ”LcmHu - uh”VVl‘°c + hZ@axHSO - (ph”Wl‘”

+ llu = unllz= + o = @nllLee = O(h2),.)
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hold, then

(20) HD?uh - aﬂﬂifﬂiuHL‘x’ + ||Di2§0h - axiﬂ?i(pHL‘x’
= O(h’ryna:c/a + a)v as hmaz — 0.

Proof. Let (w,wyp) = (u,up) or (w,wn) = (v, pr) and consider the average error
D?(wy, — w). Lemma 2.4 shows that the operator hD? is symmetric. This symme-
try and the assumptions (10)-(11) yield

|DZ (wp, — w)(z;)| = |hDF (wp, — w) - 97|
= |(wp, — w) - hD}7

Lwn =)@y ) = (wn —w)(ay)

e W(mz\ﬂ-l)
N
(wn — w)(rl)h—0 (wn — w)(xo)wj(xo)
< [lwn — wlle [|[AD?*47 || + 2[|w}, — w'|| L max [ (x)|

z€{0,a}

h%LQ(E
= O(=2e) — 0

)

provided a~! = o(h;,%,) as hymaz — 0.
The function ¢ also satisfies the weak convergence (12) which together with the

uniform convergence D2w — 0,2, w = O(hyaz) and w € C? imply D2w — Oy, w =
O(a). Therefore we conclude that D?wyp, — Oy, w = O(h7, .../ + ), uniformly as
hmaz — 0. (]

Lemma 2.6. Assume that w € C3(2). Consider a point ¥’ € Q and a sequence of
squares K containing x'. Then

(21) Bt /K (rw(®) — w(z)) dz — %Aw(m’) — O(hx).

Proof. Apply the tensor property m = mimo, where 7; is the nodal interpolant in
the x; direction, to split

(22) Tw —w = m (Tew — w) + mw — w.

Translate the square K to the reference square Ko = [0,h] x [0, 4], for h = hk.
Approximation of w by a quadratic function on Ky shows that

1
(23) W — w = gﬁmmw(x’)xz(h — ;) + O(h?), on K.

The integral
3

h
h
/ l'z(h — xz)dxz = —
0 6
combined with (22)-(23) proves the lemma. O

Proof of Theorem 2.1. The error representation (5) divides the residual into
parts supported in the interior of squares and on their edges. The assumption (15)
on uniform convergence of ||u—up |10, cf. [10, 12], yields convergence of Va-Vuy,
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which combined with Lemma 2.6 and Lemma 2.5 imply convergence of the interior
part

S| (=Va-Vuy - f) (mp — ¢) da

K
(24) KeT h4
= Z ((—Va -Vup — f)(D}en + D%g@h)l—g + h3 O, o+ a)) .
KeT

The convergence of the error density associated to the edges is more subtle and
uses summation by parts to shift the jump of the discrete normal derivative duy,/dn
to the more regular non discrete dual weight . The normal derivative Quy/dx; is
the same on the opposite edges of a square. Therefore the regularity ¢ € C* and
the uniform convergence Vuyp — Vu of (15) yield

i —
1%}

K 371
/'3W (@ (70 — ) [ers — (70— @) |ery)
= a.. Y — eiz Y — erl
" Dy . w— Y =@ 1

8uh
" /eK Er

(a (7“0 - gp) ‘622 —a (7T(p - 90) ‘621)d1‘2

€22

(a (W(p - (P) ‘612 —a (7“»0 - 90) ‘ell)dxl

(a (7“0 - gp) ‘622 —a (7T(p - 90) ‘621)d1‘2 + h40(h21aa:)7

where ¢;; = eX. Use summation by parts over all edges and 7@ = ¢ on 0 to

)

obtain
[ oG o= s
KeT OK n
Ou ou
a'LL au . §
+/e§2a( oy o Oz, o ) (mo — @) dxs + h (’)(hmaz)> )
We have

L1 % _ %

8332 31‘2
therefore Lemmas 2.5 and 2.6 applied to u;, and ¢, imply that each term in the
right hand side of (25) has the expansion

[ a2
(26) eﬁ, a1/'2
T+ BAO( 0+ ),

€12 a a—"52
and similarly for the edges in the other direction. Note that the convergence
O(h) ge/ + @) — 0 in (26) is uniform on . Finally, split the sum over all

> = azgazzu + O(hmaaj)v

€12

S
) (mp — @) dzy = EaD%uh D3y,
€11
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edges in (25) into a sum over all edges of squares to get the remaining factor %

Z(/GK...dler/eK...dm)

KeT 22

1
= Z 5(/Kdl'1+/Kdl‘l-i-/Kdl'Q-i-/Kd.’Eg)

KeT 11 12 21 22

and use (26) to complete the proof of (16). The error estimate (17) follows from
Lemmas 2.4 and 2.5. O

2.3. Efficient Computation of the Averages. Let
- ) i
* 0 ifdi=#j.
We will use 17 : N’ — R determined, for j = 1,..., N, by
(27) hiy] — a*h; D>l =6y, i=1,...,N
with homogeneous Neumann boundary conditions 1/)6 = ¢{ and ¢f\7 = ?V E The
averages Y; = D2v(x;) = Zivzl hiD?v;3p) then solves the dual equation to (27)

with the right hand side h;D?v;. The symmetry of hD? and the summation by
parts formula in Lemma 2.4 show that Y can be efficiently computed by

Y; —a?’D?*Y; = D*v;, j=1,...,N
with homogeneous Neumann boundary conditions, Yy = Y1, Yy = Yg,;.

It remains to verify the conditions (9)-(12) for ¢. The following discrete mini-
mum principle argument first observes that D217/, > 0 at a minimum point i* and
hence (27) yields non negative

. I _
¥l 2 = 5 +a’D% > 0.
i*

The remaining conditions can be derived from the following estimate of the
weighted ¢! norm Y, h;th] w;, with the weights w; = cosh(¥="2) for & > 2« and
xp € N summation by parts in (27) shows

N
Z?ﬁiﬁz(wz —a2D2wi)+
(28) i=1
2,7 WN41 — WN 2,jW1L —Wo . Tj—Tp

We have
Dzwi - dizwi + O(hmaz)7

ONALZON — Gt sinh(TX—22) 4 O(hynaa),
_ (0%

sinh(xo;fxp) + O(humaz)-

Therefore all terms in the left hand side of (28) are non negative for & > 2« and
provide estimates to verify the conditions (10)-(12).

Note first that the choice w = 1, corresponding to @ = oo in (28), implies
>, hit) =1 and hence by (27) we have ||a2hD%7|[;n < 2.
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The estimate (28) shows first that the boundary values satisfy
Y = O(1/ min(z;, @),

5V+1 = O(1/min(a — z;, a)),
and with a second choice of weight function w; = e~ %/ and w; = e*i—a)/a,

respectively, we have similarly

v = 0(1/a),
%, 1= O(1/a).
Finally, to verify the weak convergence we estimate

> 0] (i = vl < [ wh]en (v, = vj)w™ e

and use (28) together with a uniform bound on the difference quotients of v to
obtain

0. — 3w = < Omax |z — asle™7—%1/%) — O(a),
so that | )", Woih; — v;| < O(@).

Remark 2.7 (One dimension). Note that in one dimension, d = 1, the edge part
of the residual vanishes since mp = ¢ in the nodes.

Remark 2.8 (Nonlinear problems). A non linear problem a = a(u,x) and f =
f(Vu,u,x) for a non linear functional, [, g(u(x), z)dz, gives a different dual prob-
lem for 1), but the same approximation property

lu —unllwi + | = nllLe = O(h)0z)

and the regularity u € C3, ¢ € C3 also yield estimates of the linearization error and
imply the conclusion in the theorem.

Remark 2.9 (Alternative error densities). Let s € [0, 1] and
R*(pn) = —div(aVp) — F.

Then

(U—’LL}“F) = S(R(uh)aﬂ-@_gp)

+(1 = s) (mu —u, R (¢n))

are alternative global error estimates for s € [0,1], ¢f. [8]. The piecewise bilinear
approzimation on structured meshes with hanging nodes in this work shows that in
fact also the local error densities are the same for all s € [0,1] asymptotically as
hma:c i 0

5o a (82u 0%p 0% 82_<p)

12 \ 922 922 " 922 922
including non linear problems a = a(u,z), f = f(Vu,u,z),g = g(u,z) and the
—_— 2
approzimation errors D?uj, — % and D?pp — ng are the dominating errors in

the convergence.



ADAPTIVE FINITE ELEMENTS 13

3. CONVERGENCE RATES FOR THE ADAPTIVE MESH ALGORITHM

This section constructs an adaptive algorithm and analyzes its stopping, accuracy
and efficiency, using the convergence of the error density in Theorem 2.1. The
analysis is largely based on the similar work on ordinary differential equations in
[21]. The main difference is the hanging node constraint present here.

3.1. Adaptive Refinements and Stopping. Theorem 2.1 proves that the error
expansion

— h”ryna:c o
(29) (u—un, F) = (prc + O(=22 + a)hil =3 prchil,
K K

has a well defined leading order error density p which converges uniformly as
hmaz — 04. In the adaptive algorithm below we will use the positive approxi-
mate error density px defined by

(30) |k = pr = max (|pk/, )

>

where

(31) § = O(\/ hinaz/a + ).

The constant § > 0 is motivated by the requirements that h,,q, — 0 as TOL — 0
and that the bounds for the error density in (40) hold, see Lemma 3.2. Let us now
motivate the optimal choice of element sizes

|p|h*t? = constant,

for hypothetical linear tensor finite element methods with no other constraint than
tensor cube elements and a mesh independent error density p. Define first, for
a mesh with elements {K;, Ko, K3,..., Kn}, the piecewise constant error density
and mesh functions p|x, = p; = pk,, Pk, = pi = pr, and h|g, = h; = hg,. The
number of elements that corresponds to a mesh with size h can be determined by

(32) N(h) = /Q hf—a).

It seems hard to use the sign of the error indicator for constructing the mesh,
since with only two elements the error can be zero just by chance: let fol f(s)ds=0
be the integral of a continuous function where also f(0) = f(1) = 0. This integral
can be computed by the Euler method without error for a very particular choice
of just the two elements (0,5), (5,1), with an interior point 5 satisfying f(s) = 0,
but any other choice of two elements gives in general very large error. Instead we
choose to minimize the number of elements N in (32) under the more stringent
constraint

N
(33) S lpalh+? = / Ipla)|hdx = TOL.
i=1 Q
This yields, with a standard application of a Lagrange multiplier, the optimal ele-

ment sizes h* satisfying

(34) Ip|(h*)42 = constant
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and

(35) pr = TOL ([ i)

ol

1
2

This condition is optimal only for density functions p with one sign and for meshes
with shape regular elements, i.e. non stretched elements. To use the sign of the
density or orientation of stretched elements in an optimal way is not considered in
this work.

The goal of the adaptive algorithm described below is to construct a mesh of 2
such that

TOL
N
which is an approximation of the optimal (34). To achieve (36) let s;1 =~ 1 be a
given constant, start with an initial mesh of size h[1] and then specify iteratively a
new mesh h[k + 1], from h[k], using the following dividing strategy:

for all elements i = 1,2,..., N[k]
7ilk] = pilk] (hs[k]) ™2

(36) pihdt? ~ Vi=1,...,N,

e TOL
if 7k > s NI then

mark element 4 for division and recursively mark all neighbors

that need division due to the hanging node constraint:
at most one hanging node per edge
endif

endfor

divide all marked elements into 2¢ uniform sub elements.

With this dividing strategy, it is natural to use the stopping criterion:

if ( max fi[k}gsleV—OL) then stop.

(38) 1<i<N[k] [k]

Here S; is a given constant, with S; > s; & 1, determined more precisely as
follows: we want that the maximal error indicator decays quickly to the stopping
level Sy TOL/N, but when almost all error indicators 7; satisfy 7; < slT—]?,L the
reduction of the error may be slow. Theorem 3.1 shows that slow reduction is
avoided if Sy satisfies (41).

The remainder of this section analyzes in three theorems the adaptive algorithm
based on (36) with respect to stopping, accuracy and efficiency. To analyze the
decay of the maximal error indicator, it is useful to understand the variation of the
density p at different refinement levels, in particular we will consider an element
K[k] and its parent on a previous refinement level, p(K, k), with the corresponding
error density p(K)[p(K,k)]. Since by (47), TOL — 0+ implies that hpes — 0,
Theorem 2.1 shows that there is a limit error density p such that

(39) p—p, p—pand p—|p|, as TOL — 0+.

A consequence of p — |p| , as TOL — 0+, and (30) is that for all elements K and
all refinement levels k there exists a positive function ¢ close to 1 for sufficiently
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refined meshes, such that the error density satisfies
PP k)] _

" ety < LB < ey,
PEE=1] _ e
= aaon =

provided maxg i hx[k] is sufficiently small. In other words, (40) holds with e.g.
¢ = 27! for sufficiently small maxg y hx[k]. Note that the condition (40) also
implies a related constraint on the optimal mesh, see Remark 3.3.

Theorem 3.1 (Stopping). Suppose the assumptions of Theorem 2.1 hold and the
adaptive algorithm uses the strategy (37)-(38). Assume that ¢ satisfies (40), for the
elements corresponding to the mazimal error indicator on each refinement level,
and that

d C—l

2
(41) Sl Z ?51, 1> W

Then each refinement level either decreases the maximal error indicator with the
factor

1

7. < 7.
(42) 1§i;n1%fz+l] i [k + 1] — 92d+2 1§rin§aIs/([k] i [k]’

or stops the algorithm.

We have tested several alternative stopping rules, such as |, ﬁih?”\ < TOL
which may be the first idea for a stopping condition. It turns out that the stop-
ping condition (38) yields more accurate error estimates both theoretically and
computationally, see [21].

Proof. Define the piecewise constant error indicator function 7|x = Tk, for all
elements K. There is a point z* € () giving the maximal error indicator value

Fz*)[k+1]= max 7k+1]
1<i<N[k+1]
on refinement level k + 1. The corresponding indicator 7#(x*)[k], on the previous
level, satisfies precisely one of the following three statements

s s1TOL

(43) r(a")[k] < ?vm :

(44) ST < Tk <2
ok 551 TOL

(45) Fa)[k] > 2% Evm

If (43) holds either the element containing z* is not divided on level k£ 4 1 or it is
divided on level k + 1 by the hanging node condition. In any case, (40) implies

¢ 1s; TOL
NIK]
Condition (41) and the bound N[k + 1] < 2¢N[k] imply
S1TOL ¢ 1s; TOL
N[k+1] = N[k
which together with (46) show that the algorithm stops at level k+ 1 if (43) holds.

(46) ")k +1] <
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Similarly, if (44) holds, the element containing z* is divided on level k + 1, so
that 7(z*)[k + 1] < C_leli[g]OL again and consequently the algorithm stops at level
E+1.

Finally if (45) holds, the elements containing x* is divided and by (40)

—1 -1

. b, c ~
Flz®)k+1] < 2d+2r(x k] < X 1Sringa]ifc[k] ik,

which proves the theorem. O

Let us verify that the choice (31) of ¢ implies that hpe. — 0 and that the
function ¢ in (40) is close to 1 for sufficiently refined meshes.

Lemma 3.2. Suppose the assumptions of Theorem 3.1 hold, then
(47) Tolﬁgw hmaz[J] = 0,
for the final mesh J, and

K] 3| o, it a

SO 1’ O(W)’

PE)k 1] | _ Thaz /0 + o
SO 1‘ O(W)’
]

where hpay = maxg<j hmaz[k].

Proof. When the algorithm stops, on level J, the error indicators satisfy the
bound

TOL
(48) pihit? < %, for all i.
Consequently we have by (30)
S1TOL d
" > 6h +2
N —_ max?

which using (31) proves (47):

SiTOL _ S;TOL
2 /Bl < < )
fimaz\/ Pmas/@ + @ S Tq— < Ty dx

max

Theorem 2.1 and definition (30) imply
p = max([7] + O(Wyue/a + ), )

where |p]| is the limit of p, formulated in the motivation of definition (40). Therefore,

we have
A(K)[p(K, k)] ‘ O(h}an/ + @) /
e < et = Oy Whae o+ ).
P(K)[K] 5
The same estimates for % finishes the proof. O

Remark 3.3 (Mesh constraints). The error density condition (40) also implies

constraints on the optimal mesh, for instance the assumption L(p(x)[k] + p(x +

h)[k]) = p(z)[k — 1] shows that ’
p(x + h)[k]

(49) emls ‘ @

‘ <271 —1.
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3.2. Accuracy of the Adaptive Algorithm. The adaptive algorithm guarantees
that the estimate of the global error is bounded by a given error tolerance, TOL.
An important question is whether the true global error is bounded by TOL asymp-
totically. Using the upper bound (38) of the error indicators and the convergence
of p and p in Theorem 2.1, the global error has the estimate

Theorem 3.4 (Accuracy). Suppose that the assumptions of Theorem 3.1 hold.
Then the adaptive algorithm (37)-(38) satisfies

(50) lim sup (TOL_1|(u—uh,F)| ) < S
TOL—0+

Proof. When the adaptive algorithm stops, (16), (30) and (38) imply

N
TOL™|(u — up, F)| = TOL™'| > (p:h 2 + O(5%)hi+?)|
i=1
N
<TOL™") “(Ipi| + O(5%))hi+>

i=1

(51)

which together with Lemma 3.2 proves (50) in the limit as TOL — 0. ad

3.3. Efficiency of the Adaptive Algorithm. An important issue for the adap-
tive method is its efficiency: we want to determine a mesh with as few elements as
possible providing the desired accuracy. From the definition (32) and the optimality
condition (35), the number of optimal adaptive elements, N°P, satisfies

d+2

Nopt:/ (h*céx) TOLS </ oK de)T’

ie.
(52) NPt = 7 ||PH2
TOL?2
Here || - ||L 4, s the quasi-norm defined by
11ty = ([ @)1 a)

On the other hand, for the uniform mesh with elements h = constant, the
number of elements, N"™, to achieve Zf\’ L 1pilR¢? = TOL becomes

‘ d
N = ff”” Jodr (/ |o[k] |d:c> ,
o hi(z)  TOL?

(53) o= do ol
TOL?=

Hence, the number of uniform elements is measured in the L'-norm while the op-

i.e.

timal number of elements is measured in the L7+ quasi-norm. Jensen’s inequality
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implies || f]| < (Jq dz)a| f||L, therefore an adaptive method may use fewer

[ d+2
elements than+the uniform element size method, cf. Remark 3.6.

The following theorem uses a lower bound of the error indicators, obtained from
the stopping condition (38) and the ratio of the error density (40), to show that
the algorithm (37)-(38) generates a mesh which is optimal, up to a multiplicative

constant.

Theorem 3.5 (Efficiency). Assume that ¢ = c(z) satisfies (40) for all elements
at the final refinement level, that all initial elements have been divided when the
algorithm stops and that the assumptions of Theorem 3.1 hold. Then there ezists
a constant C' > 0, bounded by (2{:2)%, such that the final number of adaptive
elements N, of the algorithm (37)-(38), satisfies

o out e 12 <o (maxet) ) 1ol
2 x
and
i ol e = 7],

. _d
lim maxc(z)” 2 =1,
TOL—0+ z€

i.e. the number of elements is asymptotically optimal up to the problem independent
d
factor C < (2 +2)d

Proof. When the adaptive algorithm stops, on level k, the error indicators satisfy
the upper bound

S, TOL
NIk

By assumption, each element K[k] has a parent on a previous level, p(K, k) (not
necessary the previous level k — 1), which was divided. We shall show that this
parent indicator 7(K)[p(K, k)] satisfies the lower bound

SlTOL
Np(K, k)]’

and this lower bound is the essential step to obtain the estimate (54). If this parent
was not refined by hanging node constraints, the lower bound holds. In fact, it also
holds if the refinement was made by hanging node constraints: then the parent has
a refined neighbor element which has half the mesh size while the error densities p;
and p; of two neighboring elements satisfy by Theorem 2.1

i [k] = (p(K)hF)[k] < VK €T.

(55) T(K)[p(K, k)] >

|1_& _ |pi — pi + pi — pj + pj — Py
pi pi

Whae/@ + 0 Binas
= O maz{f =+ ) = Oy Whas /2 + a).

Therefore the error indicator of the parent is a factor 2¢*! larger than for the
neighbor. Hence, starting from source elements, where the indicator is marked
for refinement not by the hanging node constraint, the error density for successive
connected hanging node neighbors increase and consequently also the hanging node
refinements satisfy the lower bound (55).
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The indicators of the parent elements therefore satisfy the lower bound
P [p(K, R)]292 R 2 k] = (p(K)R2(K)) [p(K k)]

SlTOL
N[p(K, k)]
SlTOL

N[k] -
The estimate on the number of elements now follows by relating the error indicators
to the lower bounds of their parents:

>

s s1TOL 1 1
hT2(K)[k] > N[k] 2442 H(K)[p(K, k)]
s1TOL C

— N[22 p(K) (k]
This and (32) imply
d

d+2

dzx

L
c

_ [ _dr_ (N[k)T=2!
N = /Q R(@)H = (s1TOL)a%2 /Q

which together with Holder’s inequality proves the theorem

da
9d+2\ 2 1 4 ﬁ d
NiE < () (—=)* 127
k] < ( 51 ) (TOL) “cHLﬁ

d
2d+2 2 1 % _ A d
<(55) (gor) e sl )%

O

Remark 3.6 (Adaptive gain). An example with adaptive gain is Poisson’s equation
~Au = f inQ=(-1,1)%
u = 0 ondQ,

with computation of the functional
(56) (0. F) = [ Buyule)exp (~Jaf/)do/ (ne),
Q
and € > 0. Smooth f implies that u,p € C3(2) and that the error density has the

bound o)
T) = ——",
0= Gl v ep
which by (54) implies that the optimal number of adaptive elements N, for error
TOL, satisfies

TOI}{I&()JTOL N)=0(1),

while (53) shows that the number of uniform elements for the same error becomes
larger by a factor e
O(e™ 1)
TOL -~

The other case with the functional (u, F') = 05, u(0) yields an error density with
a singularity. Adaptivity for this functional can also be analyzed and computed by

(57) N =
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reqularizing with € = o(TOL) in (56) and choosing o = o(TOLY®)|z|'1/12. Then
the error density in (16) has the expansion
o)

j= ——— (1 +o0(1)),

p ﬂx\+eP( o(1))
as TOL — 0+,and the number of adaptive elements has the asymptotic optimal
bound limror,—o+ (TOL N) = O(1), while the number of uniform elements satisfies
(57).

3.4. Implementation of the Adaptive Algorithm. This subsection presents
a detailed implementation, called MSST, of the adaptive algorithm (37)-(38). The
dividing strategy (37) is applied iteratively until the approximate solution is suf-
ficiently resolved, in other words, until the approximate error density p and the
elements satisfy the stopping criteria (38):
Initialization: The user chooses

(1) an initial error tolerance, TOL,

(2) an initial coarse (uniform) mesh and

(3) anumber, s1, in (37) and a rough estimate of ¢ in (40) to compute Sq

using (41).
Set the iteration number k to 0.

Step I: Increase the iteration number k by 1. Compute the second order
accurate approximation up[k] € V3 [k] of (2) and compute the approximate
weight op,[k] € V3 [k], using the second order accurate method (7).

Step IL:  If: (1;}1213!([@ i[k] < S}\?EI?]L) then stop the program

else: do (37)
go to Step 1.
endif:

3.5. Decreasing Tolerance. This subsection studies an adaptive algorithm al-
lowing the tolerance to decrease slightly as the mesh is refined. The decreasing
tolerance is motivated by efficiency — the efficiency of the algorithm depends on
the total work including all refinement levels. If the number of elements in each
refinement iteration increases only very slowly, the total work becomes proportional
to the product of the number of elements in the finest mesh times the number of
refinement levels. The condition (35) shows that the number of refined levels, J,
satisfies

(58) Imnh:Q*J/}mﬂwuzquOLV%.
Q

A relation minh = O(TOL®), « > 0 still holds for many singular densities, as in
Remark 3.6. Therefore, J = (’)(% log(TOL™)) ~ log N, so that the total number
of elements for the algorithm (37)-(38) would be essentially bounded by

(59) O(NlogN).

A more efficient refinement algorithm is obtained by successively decreasing the
tolerance, TOL[k + 1] < TOL[k], in each refinement so that

NIK]

(60) N+ 1]

<e<1
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always holds. The condition (60) would imply that the total number of elements
satisfy

(61) ZJ:N[k} < NI

1-—
k=1

@]

Therefore, a slightly decreasing tolerance may be more efficient than a constant
tolerance, which yields the total work (59). Including the assumption

, TOL[k + 1]
(62) ¢ < W <1

and replacing ¢ by ¢’c in (41) directly generalizes Theorems 3.1, 3.4 and 3.5 to
slightly varying tolerance, where TOL in (50) and (54) then denotes the final stop-
ping tolerance. However, an unattractive consequence of varying tolerance is that
the stopping tolerance becomes a priori uncertain, see Remark 3.7 and Theorem
3.8.

Remark 3.7. A decreasing tolerance is useful if there are few elements with their
error indicators, T;, in the set (s1TOL/N,00). To include a decreasing tolerance,
modify the algorithm by adding the command “Set V.= 07" in the end of Step I and
replace the statement “ go to Step 1” before goto Step I in the end of Step 11
by:
if: (N[k]/N[k+1]>¢ & V=0), then
TOL = TOL[K](1 — &+=1), V=1 and go to Step II,
else:
go to Step I.
endif:

Include in the initialization also a choice of the factor ¢ to increase the number of
elements in (60).

Assume that the set (¢'siTOL/N, s3TOL/N| contains a fraction ¢'N of the el-
ements, where 2=% < ¢ < 1; for instance, if the error indicators, 7;, are uni-
formly distributed in [0, sy TOL/N], with a negligible part outside of this set, there
holds ¢’ = 1 — ¢, which yields ¢ = L 1+(1—c/1)(2d—1) and motivates

d=1- 52;1—__11 in the algorithm. A refinement approximately maps the error indi-

cator set

T+c7(29—1)

(¢'syTOL/N, sy TOL/N]
to
(¢'s;TOL/(N2%+2), s; TOL/(N2¢+2)].

Then the next refinement continues with essentially a similar distribution of the
error indicators, provided ¢’ is not too small. When the algorithm stops, the final
tolerance satisfies

TOL[0] > TOL[J] > TOL[0](¢)” = TOL"*® (<D,

which for ¢’ close to 1 is only a slight change. O
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Let us now show that the total number of elements can be bounded by a constant
times the number of elements in the finest mesh, in the case of decreasing tolerance.
Its proof uses that the tolerance decreases sufficiently, which simplifies the analysis.
A more refined study, with less demanding assumptions on the tolerance, following
the idea in Remark 3.7 would need deeper understanding of the distribution of
the error indicators 7;. In contrast to the basic Theorems 3.1, 3.4 and 3.5, the
following result has the drawback that it uses a uniform bound in (40) which yields a
condition, on ¢, that in practice can be too restrictive although it seems reasonable
for very small tolerances. The proof is also more complicated and less natural than
the previous proofs.

Theorem 3.8. The total number of elements satisfies the bound

for a variant of MSST where all levels have decreasing tolerance
TOL[k + 1] = TOL[k]¢

satisfying 0 < ¢ < ¢, provided all initial elements are divided, Sy > 512%/(cc’) and
(40) holds uniformly for all elements.

Proof. Let sy = sic/(c'24%2) and No[k] = {i : soTOL[k]/N[k] < 7i[k] <
$1TOL[k]/N[k]}. We shall first verify that

Assume first that
m}%an[k] > 51 TOL/N|k],

then all elements are divided on level k£ + 1 and by (40)

P(K)[k + 1] = (p(K)h(K)T) [k +1]
h+2(K) k]
9d+2
= ST (K)IK]
¢s1 TOL[K]
242N k]

> cp(K)[k]

therefore

¢s1TOL[k + 1]

c2472N [k + 1]

s2TOL[k + 1]
Nk +1]

m}énf(K)[k +1] >

Then if n € Ny[k] the element n is not divided on level k + 1, unless the hanging
node constraint required division but then the error indicator is bigger than its
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source of the hanging node constraint, see the proof of Theorem 3.5, so that
F(K)[k+1] > ¢ 7(K)[k]
> ¢ s TOL[k]/Nk]
c

> o 52 TOL[k + 1]/N[k + 1]

> s TOL[k + 1]/N[k + 1].
Therefore we conclude, by induction, that the error indicators satisfy

IP(iil(F(K)N/TOL)[k} > s3.
The next step is show that at most m consecutive levels can have the slow

increase N[k|/N[k + 1] > ¢ This will imply that the total number of elements is

bounded by a constant times the final number of elements. Assume the contrary
that

Nk _
k =

(63) NE+1] > ¢, Kyoooyk+m,
where m and ¢ satisfy

/\m
(64) (GO <2

C S1
(65) 1<t <2d/m+l)

and let No[k] = #MNy[k] and N; = N — Ny. The condition (63) and
Nk + 1] = No[k] + 24N [K]
show that the number of divided elements, N [k], satisfies

-1
2d — 1

The tolerance decreases, so that after m levels the dividing barrier is

s1TOL[k 4+ m]/N[k + m] < (¢)™s1 TOL[x]/N|k].

(66) NL[K] < NIk].

All elements in Np[x] must have been divided after m levels, since if they have
not all been divided some error indicators are larger than cseTOL[x]/N[x] and
condition (64) gives the contradiction

TOL[k + m]

TOL|x] TOL|x]
Nk + m] '

< ()Y™sy N cS9 Nl

S1

Dividing of all elements in Nj[k] shows that No[x] must be smaller than the sum
of divided elements

(67) Nol[s] <> Ny[s + 4]
j=1
which also leads to a contradiction, since by (66)
2d _ E_l

No[s] = N{x] = Ny [x] >
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and by combining (66) and (63)

I e |
¢t —
<Zi3 ¢ N[k +35—1]
< CQd &I NI,
so that by the assumption (65)
m ) 2d _éfmfl
NO — ZN+[/€+]] > WN[K] > 07

j=1

which contradicts (67). Hence, the number of consecutive levels, where N[k]/N[k +
1] > ¢, must be smaller than m + 1 and therefore

(1]
2]

(10]
(11]
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