
CONVERGENCE RATES FOR AN
ADAPTIVE DUAL WEIGHTED RESIDUAL

FINITE ELEMENT ALGORITHM

KYOUNG-SOOK MOON, ERIK VON SCHWERIN, ANDERS SZEPESSY, AND RAÚL
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Abstract. We study fundamental convergence properties of an adaptive al-

gorithm based on the dual weighted residual error representation,

error =
X

elements

error density×mesh size2+d,

applied to piecewise linear tensor finite element approximation of functionals
of solutions to second order elliptic partial differential equations in bounded
domains of R

d. We show first that the optimal adaptive isotropic mesh uses

a number of elements proportional to the d/2 power of the L
d

d+2 quasi-norm
of the error density; the same error for approximation with a uniform mesh
requires a number of elements proportional to the d/2 power of the larger
L1 norm of the same error density. The main result is then a proof that
the adaptive algorithm based on successive subdivisions of elements reduces
the maximal error indicator with a factor or stops with the error asymptoti-
cally bounded by the tolerance using the optimal number of elements, up to
a problem independent factor. An important step is to prove that the error
density based on localized averages of second order difference quotients of the
primal and dual finite element solutions converge pointwise. The averages are
used since the difference quotients itself do not converge pointwise for adapted
meshes. The proof uses weak convergence techniques and a symmetrizer for
the second order difference quotients.
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1. Introduction to Adaptive Finite Element Algorithms

This work analyzes the convergence rate of an adaptive finite element algorithm
to approximate functionals of the solution, u : Ω → R, of the second order elliptic
partial differential equation

(1) −div(a∇u) = f

in an open bounded domain Ω ⊂ R
d with boundary condition u|∂Ω = 0. The

paper presents, for simplicity, first the two dimensional and linear case, d = 2 and
a, f : Ω → R, which then directly generalizes to higher dimensions, d > 2. It is
also easy to extend the study to some nonlinear problems, see Remark 2.8. This
work uses some simplifying properties of linear tensor finite element approximation,
but an extension to approximation by piecewise polynomials of degree k > 1 seems
possible.

There are numerous studies on error estimates for adaptive finite element meth-
ods applied to partial differential equations, e.g., [1], [3, 4], [6], [7, 8], [16, 17],
[18, 19], [23], and some work on the convergence of adaptive algorithms [5], [14],
[24]. However, important numerical complexity theory, on how convergence rates
for adaptive finite element algorithms depend on the computational work, is not as
well developed, but there are recent contributions. The work [13] shows the effi-
ciency of adaptive approximation of functions, including wavelet expansions, based
on smoothness conditions in Besov spaces. Inspired by this approximation result,
first the work [11] proves that a wavelet-based adaptive N -term approximation al-
gorithm produces a solution with asymptotically optimal error in the energy norm
for linear coercive elliptic problems. Then [9, 25] extend the ideas of [24] to prove
similar optimal error estimates in the energy norm for piecewise linear elements
applied to the Poisson equation. The modification includes a coarsening step in the
adaptive algorithm to obtain bounds on the work.

Our work focuses on linear tensor finite element approximation of functionals of
the solution to (1), inspired by [8], [16] and [17]. Section 2 uses the dual weighted
residual method to derive an asymptotic expansion of this error, with computable
leading order term

∑
K ρ̄Kh2+d

K where hK is the mesh size and ρ̄K is the error
density for element K. Section 3 applies this expansion to prove convergence rates,
depending on the number of degrees of freedom, for an adaptive finite element
algorithm.

What is the right measure of convergence rates for adaptive finite element al-
gorithms applied to (1)? For a constant mesh size h, approximations with error
O(hp) require computational work with O(1/hd) operations, using optimal multi-
grid solvers. The accuracy ε ≡ O(hp) is hence asymptotically determined by the
number of elements N = O(1/hd) = O(ε−d/p). This simple asymptotic complexity
estimate, O(ε−d/p), is one of the most basic and well used numerical analysis mea-
sures of the performance of approximations. Analogously, for adaptive methods, it
seems natural to study the approximation error and the associated work, propor-
tional to the number of elements, as the tolerance parameter tends to zero. For the
second order accurate piecewise linear finite elements on a uniform mesh, the num-
ber of elements to reach a given approximation error turns out to be proportional
to the d/2 power of the L1-norm of the error density; this work shows that the
smallest number of isotropic elements in an adaptive mesh is proportional to the
d/2 power of the smaller L

d
d+2 quasi-norm of the same error density. These norms
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of the error density are therefore good measures of the convergence rates and define
our optimal number of elements, explained in Section 3.

Section 3 constructs an algorithm which subdivides the elements with error indi-
cators, |ρ̄K |h2+d

K , greater than TOL/N and stops if all N elements have sufficiently
small error indicators. In particular the algorithm has no coarsening step. Theo-
rems 3.1, 3.4 and 3.5 in Section 3 prove that each refinement level of this adaptive
algorithm decreases the maximal error indicator with a factor, less than 1, or stops
with an error asymptotically bounded by TOL and with asymptotically optimal
number of elements, N , in the finest mesh, up to a problem independent factor.
The total number of elements, including all refinement levels, can be bounded by
O(N), provided the tolerance in each refinement level decreases by a constant fac-
tor, see Theorem 3.8. Varying tolerance has the drawback that the final stopping
tolerance is not a priori known; on the other hand, with constant tolerance, the
total number of elements including all levels is bounded by the larger O(N logN).

The reports [21] and [20, 26] introduced adaptive algorithms for weak approxima-
tion of ordinary and stochastic differential equations, respectively. Their extension
to partial differential equations here is partly straightforward except for the point-
wise convergence of the error density and a hanging node constraint: to prove con-
vergence of the error density for approximation of ordinary differential equations is
simple, while the corresponding convergence result for partial differential equations
is hard, requiring structured adapted meshes and detailed analysis special to tensor
finite elements. In fact the work [8] writes ”The strategies for mesh adaption is
largely based on heuristic grounds. One hard open problem is the rigorous proof of
the convergence of local residual terms and weights to certain ’limits’ ”. Note that
such pointwise convergence of the error density, based on second order difference
quotients, is well known for structured uniform meshes; however Remark 2.2 below
shows by an example that second order difference quotients of smooth functions
do not in general converge pointwise for adapted meshes. To prove convergence of
the second order difference quotients, in the error density, our proof instead uses
localized averages and a symmetrizer.

2. Convergence of the Error Density

2.1. An Error Representation. The finite element approximation uh, of u in
(1), is based on the standard variational formulation in the function set Vh of
continuous piecewise bilinear functions in H1

0 (Ω), using an adaptive quadrilateral
mesh with hanging nodes cf. [8]. The Sobolev space H1

0 (Ω) is the usual Hilbert
space of functions on Ω, vanishing on ∂Ω, with bounded first derivatives in L2(Ω).
Let T denote the set of quadrilaterals K and let hK be the local mesh size, i.e.
the length of the longest edge of K. Assume we first want to compute a linear
functional value (u, F ) ≡

∫
Ω

uFdx for a given function F ∈ L2(Ω). Let (·, ·) denote
the duality pairing in H−1×H1

0 , which reduces to the usual inner product in L2(Ω)
on L2×L2. Define the residual R(v) = −div(a∇v)−f as a distribution in H−1(Ω)
for v ∈ H1

0 (Ω). Then the variational problems for u ∈ H1
0 (Ω) and uh ∈ Vh are

(R(u), v) = 0, ∀v ∈ H1
0 (Ω),

(R(uh), v) = 0, ∀v ∈ Vh.(2)

Define the dual function ϕ ∈ H1
0 (Ω) by

(3) (a∇v,∇ϕ) = (F, v), ∀v ∈ H1
0 (Ω)
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to obtain
(u − uh, F ) = (a∇(u − uh),∇ϕ) = (R(uh),−ϕ).

The orthogonality (2) implies (u − uh, F ) = (R(uh), v − ϕ) for all v ∈ Vh, and
the choice v = πϕ ∈ Vh, where π is the nodal interpolant on Vh, yields the error
representation

(4) (u − uh, F ) = (R(uh), πϕ − ϕ) .

The global error (4) can be split into residual parts supported in the interior of
quadrilaterals and on their edges

(u − uh, F ) =
∑
K∈T

∫
K

(−div(a∇uh)− f)(πϕ − ϕ)dx

+
∑
K∈T

∫
∂K

a
∂uh

∂n
(πϕ − ϕ) ds,

(5)

where n is the outward normal to the element K and ∂/∂n = n · ∇.

2.2. Approximation of the Error Density. The goal in this section is to derive
a computable approximation of the error representation (5). An adaptive algorithm
providing a reliable error bound and efficient use of the degrees of freedom must
use an error expansion

(6) (u − uh, F ) �
∑
K

ρ̄Kh2+d
K

where the error density ρ̄ is essentially independent of the mesh size, since the
asymptotic error density is used to find the optimal mesh.

Precise analysis of the adaptive algorithms [21] for ordinary and stochastic differ-
ential equations [20, 22] was obtained by deriving convergence of an error density.
This work generalizes those adaptive algorithms to partial differential equations.
The main new ingredient is to prove convergence of the error density. For general
meshes this convergence of the error density ρ̄ does not hold, since the orienta-
tion of the elements varies. It may hold locally for successive refinements based on
hanging nodes which generate parallel subsequent elements. The purpose here is
to analyze the asymptotic behavior of the error density ρ̄ for adaptive refinements,
with parallel element edges. Therefore we restrict the study to adaptive hanging
node meshes of parallel squares. The use of quadrilaterals and squares can directly
be extended to higher dimensional cubes using tensor elements. The reason we
first study tensor element meshes with hanging nodes is that they are simple in the
sense that other refinements using e.g. subdivision of simplex, in three and higher
dimensions cf. [15], generate new edges which are not parallel to the old and would
require additional analysis.

To define the error density ρ̄ we use the linear tensor finite element approximation
ϕh ∈ Vh, of the dual function ϕ in (3), defined by

(a∇v,∇ϕh) = (F, v), ∀v ∈ Vh.(7)

Then one would like to use second order difference quotients of uh and ϕh to
approximate the error density. On uniform meshes the second difference quotients
of uh and ϕh converge and the proof uses the translation invariance of the mesh.
However, non uniform adapted meshes are not translation invariant and Remark
2.2 shows that a second order difference quotient of the discrete functions uh or ϕh
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does not in general converge pointwise to the corresponding second order derivatives
of u or ϕ, respectively. We solve this problem by using instead localized averages
of second order difference quotients.

Consider a function w which is defined on a discretization of an interval [0, a]
with nodes {xj : j = 0, . . . , N̄ + 1} =: N̄ , where x0 = 0 and xN̄+1 = a. Let
h+ ≡ xi+1 − xi and h− ≡ xi − xi−1 denote two consecutive edge sizes. Then define
the average mesh size h̄ and the second order difference

h̄i ≡ h+ + h−
2

=
xi+1 − xi−1

2
,

D2w(xi) ≡ 1
h̄i

(
w(xi + h+)− w(xi)

h+
− w(xi)− w(xi − h−)

h−

)
.(8)

The localized average is based on a non negative function, ψxj : N → R, j =
1, . . . , N̄ with ψj

i ≡ ψxj (xi) and a positive parameter α, measuring the width of
the average, where the averaging function satisfies

ψj
· ≥ 0,(9)

‖h̄·D
2ψj

· ‖�1 = O(α−2),(10)

ψj
0 + ψj

N̄+1
= O(α−1),(11)

and the weak convergence∣∣∣ N̄∑
i=1

ψj
i h̄iv(xi)− v(xj)

∣∣∣ = O(α), ∀v ∈ C1(0, a).(12)

Define the average difference

(13) D2w(xj) ≡
N̄∑

i=1

h̄iD
2w(xi)ψj(xi).

Section 2.3 presents an efficient method to compute such averages Y ∈ R
N̄+2 of

D2w ∈ R
N̄ based on the equation

Yi − α2D2Yi = D2wi, i = 1, . . . , N̄

with homogeneous Neumann boundary conditions, Y0 = Y1, YN̄ = YN̄+1. The con-
vergence proof requires α to be sufficiently large, slightly larger than the pointwise
error |u − uh| and |ϕ − ϕh|.

Let us define h̄D2
1w and h̄D2

2w as the difference quotients h̄D2w, in (8), with
respect to the x1 and x2 directions, respectively. The approximate error density, ρ,
is now defined by

ρK ≡ 1
24

[2(−∇a · ∇uh − f)(D2
1ϕh + D2

2ϕh)

−
(
aD2

2uh D2
1ϕh

)
e11

−
(
aD2

2uh D2
1ϕh

)
e12

−
(
aD2

1uh D2
2ϕh

)
e21

−
(
aD2

1uh D2
2ϕh

)
e22

]

(14)

where eij denotes the j’th edge parallel to the xi direction in the square K, illus-
trated in Figure 2.2.

Let W 1,∞ denote the usual Sobolev space of functions with bounded first order
derivatives in L∞(Ω). Our main result in this section is
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eK
21 eK

22

eK
11

eK
12

K

Figure 1. Edges eK
ij of a square K

Theorem 2.1. Assume the solutions u ∈ C3, ϕ ∈ C3 of (1) and (3), respectively,
are for some γ ∈ (0, 1) approximated uniformly with error

‖u− uh‖W 1,∞ + ‖ϕ − ϕh‖W 1,∞ = O(hγ
max)

‖u − uh‖L∞ + ‖ϕ − ϕh‖L∞ = O(h2γ
max),

(15)

using piecewise bilinear elements for a structured mesh with at most one hanging
node per edge. Then the global error (4) has the error expansion

(16) (u − uh, F ) =
∑
K∈T

(ρK +O(hγ
max/α + α))︸ ︷︷ ︸

≡ρ̌K

h4K ,

with uniformly convergent computable leading order error density ρ̄ defined by (14)
and (8)-(13) for α−1 = o(h−γ

max), satisfying

(17) ρ̄ =
a

12

(
∂2u

∂x21

∂2ϕ

∂x21
+

∂2u

∂x22

∂2ϕ

∂x22

)
+O(hγ

max/α + α).

The proof of the theorem is based on the uniform convergence of the averaged
second differences D2uh and D2ϕh, derived in Lemma 2.5, and the convergence of
h−2(πϕ−ϕ) established in Lemma 2.6. The pointwise convergence of the averaged
differences is essentially a consequence of the observation that the difference oper-
ator h̄D2 is symmetric, which is proved in Lemma 2.4, and weak convergence. We
first prove the lemmas and then the theorem.

Finite element approximations of the coercive linear problems (1) and (3), with
piecewise bilinear elements, satisfy the estimate

‖u − uh‖L∞ + ‖ϕ − ϕh‖L∞ = O(h2max log h−1
max),

‖u − uh‖W 1,∞ = O(hmax),
(18)
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provided u, ϕ ∈ C2(Ω), see [10], [12]. This estimate and Theorem 2.1 imply that
the choice

(19) α−1 = o((hmax

√
log h−1

max)−1),

yields convergent error densities.
Let ρ̃ be the limit error density in (17). Theorem 2.1 can also be used in some in-

teresting cases when the optimal adaptive isotropic mesh uses a number of elements
proportional to (‖ρ̃‖

L
d

d+2
/TOL)d/2 < ∞ while the same error for approximation

with a uniform mesh requires a much larger number of elements proportional to
a higher power of TOL−1 because ‖ρ̃‖L1 = ∞. The assumption u, ϕ ∈ C3 is
then violated. But for some problems it is possible to determine a TOL dependent
regularization of the problems for u and ϕ which makes Theorem 2.1 applicable,
provided the regularization is small enough for the change in the functional (·, F ) to
be less than TOL and large enough so that a refined analysis of the regularization
dependent remainder in (16) makes O(hγ

max/α + α) negligible, see Remark 3.6 for
an example.

Remark 2.2 (Averages are needed). The uniform convergence proved in Lemma 2.5
applies to the averaged second differences D2uh and D2ϕh. On the other hand, with
uniform meshes the difference quotients without averaging converge uniformly to the
corresponding second derivatives. The following example explains why the second
order difference quotients of the interpolant on meshes with hanging nodes do not
converge uniformly on Ω; numerical tests show that the corresponding finite element
solution of Poisson’s equation behaves similar to the interpolant, i.e. second order
difference quotients of the finite element solution with hanging nodes do not con-
verge uniformly. Let u(x1, x2) = x22, so that ∂x1x1u = 0 everywhere, and compute
the second difference D2

1πu in the node (−h, 0) neighboring the hanging node (0, 0)
as in Figure 2. Using bilinear finite elements the nodal interpolant πu is equal to
u in all proper nodes, but in the hanging node πu(0, 0) = h2 �= 0 = u(0, 0). Then
D2

1πu(−h, 0) = h2/h2 = 1 but ∂x1x1u(−h, 0) = 0. In spite of this, Lemma 2.5 shows
that the averaged difference quotients converge uniformly under the condition that
α−1 = o(h−γ

max) as hmax → 0.

Remark 2.3 (Localization). One would like to take α = α(xj) � h(xj), so that the
average is essentially based only on a few neighboring elements. Our convergence
proof determines α by (18)-(19), where in particular α depends on the global point-
wise error ϕ−ϕh. Remark 3.6 shows a variant of a more refined estimate where α
varies in space.
Note however that, the estimate |ϕ(x) − ϕh(x)| = O(h2(x)) does not hold for

general meshes: the error representation (4) applied to the equation for ϕ and
the dual corresponding to the pointwise error provides a function G such that
ϕ(x)−ϕh(x) =

∫
Ω G(x, y)h(y)2dy, which implies that |ϕ(x)−ϕh(x)|/h(x)2 may be

unbounded for optimally refined meshes where ρ̃h2+d is constant.
On the other hand, in practice the algorithm seems to work reasonably well even

without the localized averages, cf. [8].

On a uniform mesh, the difference operator D2 is symmetric so that summation
by parts behaves like integration by parts. On an adapted non uniform mesh, the
difference operator D2 is not symmetric, however we have
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πu �= u

in the hanging node

-2h -h 0 2h
-h

0

h

Figure 2. Difference quotients without averaging do not converge
uniformly to second derivatives in the presence of hanging nodes.

Lemma 2.4. The difference operator h̄D2 is symmetric, i.e. the diagonal matrix
h̄ is a symmetrizer for D2, and hence, for all v, w ∈ R

N̄+2, the summation by parts
formula

N̄∑
i=1

h̄iD
2viwi =

N̄∑
i=1

vih̄iD
2wi +

vN̄+1wN̄

hN̄

+
v0w1

h0
− vN̄wN̄+1

hN̄

− v1w0

h0
.

holds.

Proof. Summation by parts proves the lemma
N̄∑

i=1

h̄iD
2viwi =

N̄∑
i=1

(
vi+1 − vi

hi
− vi − vi−1

hi−1
)wi

=
N̄∑

i=1

vi(
wi+1 − wi

hi
− wi − wi−1

hi−1
)

+
vN̄+1wN̄

hN̄

+
v0w1

h0
− vN̄wN̄+1

hN̄

− v1w0

h0

=
N̄∑

i=1

vih̄D2wi

+
vN̄+1wN̄

hN̄

+
v0w1

h0
− vN̄wN̄+1

hN̄

− v1w0

h0
.

�

This symmetry of h̄D2 is the essential ingredient to obtain convergence of the
averages D2uh and D2ϕh.

Lemma 2.5. Assume that u, ϕ ∈ C3 and
hγ

max‖u− uh‖W 1,∞ + hγ
max‖ϕ − ϕh‖W 1,∞

+ ‖u − uh‖L∞ + ‖ϕ − ϕh‖L∞ = O(h2γ
max)
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hold, then

‖D2
i uh − ∂xixiu‖L∞ + ‖D2

i ϕh − ∂xixiϕ‖L∞

= O(hγ
max/α + α), as hmax → 0.

(20)

Proof. Let (w,wh) = (u, uh) or (w,wh) = (ϕ,ϕh) and consider the average error
D2

i (wh − w). Lemma 2.4 shows that the operator h̄D2
i is symmetric. This symme-

try and the assumptions (10)-(11) yield

|D2
i (wh − w)(xj)| = |h̄D2

i (wh − w) · ψj |

=
∣∣∣(wh − w) · h̄D2

i ψ
j

+
(wh − w)(xN̄+1)− (wh − w)(xN̄ )

hN̄

ψj(xN̄+1)

− (wh − w)(x1)− (wh − w)(x0)
h0

ψj(x0)
∣∣∣

≤ ‖wh − w‖�∞‖h̄D2ψj‖l1 + 2‖w′
h − w′‖L∞ max

x∈{0,a}
|ψj(x)|

= O(
hγ

max

α
) → 0,

provided α−1 = o(h−γ
max) as hmax → 0.

The function ψj also satisfies the weak convergence (12) which together with the
uniform convergence D2

i w − ∂xixiw = O(hmax) and w ∈ C3 imply D2
i w − ∂xixiw =

O(α). Therefore we conclude that D2
i wh − ∂xixiw = O(hγ

max/α + α), uniformly as
hmax → 0. �

Lemma 2.6. Assume that w ∈ C3(Ω). Consider a point x′ ∈ Ω and a sequence of
squares K containing x′. Then

(21) h−4
K

∫
K

(πw(x) − w(x)) dx − 1
12

�w(x′) = O(hK).

Proof. Apply the tensor property π = π1π2, where πi is the nodal interpolant in
the xi direction, to split

(22) πw − w = π1(π2w − w) + π1w − w.

Translate the square K to the reference square K0 ≡ [0, h] × [0, h], for h = hK .
Approximation of w by a quadratic function on K0 shows that

(23) πiw − w =
1
2
∂xixiw(x′)xi(h − xi) +O(h3), on K0.

The integral ∫ h

0

xi(h − xi)dxi =
h3

6

combined with (22)-(23) proves the lemma. �

Proof of Theorem 2.1. The error representation (5) divides the residual into
parts supported in the interior of squares and on their edges. The assumption (15)
on uniform convergence of ‖u−uh‖W 1,∞ , cf. [10, 12], yields convergence of ∇a ·∇uh
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which combined with Lemma 2.6 and Lemma 2.5 imply convergence of the interior
part ∑

K∈T

∫
K

(−∇a · ∇uh − f) (πϕ − ϕ) dx

=
∑
K∈T

(
(−∇a · ∇uh − f)(D2

1ϕh + D2
2ϕh)

h4K
12

+ h4KO(hγ
max/α + α)

)
.

(24)

The convergence of the error density associated to the edges is more subtle and
uses summation by parts to shift the jump of the discrete normal derivative ∂uh/∂n
to the more regular non discrete dual weight ϕ. The normal derivative ∂uh/∂xi is
the same on the opposite edges of a square. Therefore the regularity ϕ ∈ C3 and
the uniform convergence ∇uh → ∇u of (15) yield∫

∂K

a
∂uh

∂n
(πϕ − ϕ)ds

=
∫

eK
12

∂uh

∂x2

∣∣∣∣
e12

(a (πϕ − ϕ) |e12 − a (πϕ − ϕ) |e11) dx1

+
∫

eK
22

∂uh

∂x1

∣∣∣∣
e22

(a (πϕ − ϕ) |e22 − a (πϕ − ϕ) |e21)dx2

=
∫

eK
12

∂u

∂x2

∣∣∣∣
e12

(a (πϕ − ϕ) |e12 − a (πϕ − ϕ) |e11)dx1

+
∫

eK
22

∂u

∂x1

∣∣∣∣
e22

(a (πϕ − ϕ) |e22 − a (πϕ − ϕ) |e21)dx2 + h4O(hγ
max),

where eij ≡ eK
ij . Use summation by parts over all edges and πϕ = ϕ on ∂Ω to

obtain ∑
K∈T

∫
∂K

a
∂uh

∂n
(πϕ − ϕ)ds

= −
∑
K∈T

(∫
eK
12

a
( ∂u

∂x2

∣∣∣∣
e12

− ∂u

∂x2

∣∣∣∣
e11

)
(πϕ − ϕ) dx1(25)

+
∫

eK
22

a
( ∂u

∂x1

∣∣∣∣
e22

− ∂u

∂x1

∣∣∣∣
e21

)
(πϕ − ϕ) dx2 + h4O(hγ

max)

)
.

We have

h−1

(
∂u

∂x2

∣∣∣∣
e12

− ∂u

∂x2

∣∣∣∣
e11

)
= ∂x2x2u +O(hmax),

therefore Lemmas 2.5 and 2.6 applied to uh and ϕh imply that each term in the
right hand side of (25) has the expansion∫

eK
12

a

(
∂u

∂x2

∣∣∣
e12

− ∂u

∂x2

∣∣∣
e11

)
(πϕ − ϕ) dx1 =

h4

12
aD2

2uh D2
1ϕh

+ h4O(hγ
max/α + α),

(26)

and similarly for the edges in the other direction. Note that the convergence
O(hγ

max/α + α) → 0 in (26) is uniform on Ω. Finally, split the sum over all
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edges in (25) into a sum over all edges of squares to get the remaining factor 1
2∑

K∈T
(
∫

eK
12

. . . dx1 +
∫

eK
22

. . . dx2)

=
∑
K∈T

1
2
(
∫

eK
11

. . . dx1 +
∫

eK
12

. . . dx1 +
∫

eK
21

. . . dx2 +
∫

eK
22

. . . dx2)

and use (26) to complete the proof of (16). The error estimate (17) follows from
Lemmas 2.4 and 2.5. �

2.3. Efficient Computation of the Averages. Let

δij =
{

1 if i = j
0 if i �= j.

We will use ψj : N → R determined, for j = 1, . . . , N̄ , by

(27) h̄iψ
j
i − α2h̄iD

2ψj
i = δij , i = 1, . . . , N̄

with homogeneous Neumann boundary conditions ψj
0 = ψj

1 and ψj

N̄
= ψj

N̄+1
. The

averages Yj ≡ D2v(xj) =
∑N

i=1 h̄iD
2viψ

j
i then solves the dual equation to (27)

with the right hand side h̄iD
2vi. The symmetry of h̄D2 and the summation by

parts formula in Lemma 2.4 show that Y can be efficiently computed by

Yj − α2D2Yj = D2vj , j = 1, . . . , N̄

with homogeneous Neumann boundary conditions, Y0 = Y1, YN̄ = YN̄+1.
It remains to verify the conditions (9)-(12) for ψ. The following discrete mini-

mum principle argument first observes that D2ψj
i∗ ≥ 0 at a minimum point i∗ and

hence (27) yields non negative ψ

ψj
i ≥ ψj

i∗ =
δi∗j

h̄i∗
+ α2D2ψj

i∗ ≥ 0.

The remaining conditions can be derived from the following estimate of the
weighted )1 norm

∑
i h̄iψ

j
i wi, with the weights wi = cosh(xi−xp

ᾱ ) for ᾱ ≥ 2α and
xp ∈ N : summation by parts in (27) shows

N̄∑
i=1

ψ̄j
i h̄i(wi − α2D2wi)+

+ α2ψj

N̄+1

wN̄+1 − wN

hN̄

− α2ψj
0

w1 − w0

h0
= cosh(

xj − xp

ᾱ
).

(28)

We have
D2wi = ᾱ−2wi +O(hmax),

wN̄+1 − wN̄

hN̄

= ᾱ−1 sinh(
xN̄ − xp

ᾱ
) +O(hmax),

w1 − w0

h0
= ᾱ−1 sinh(

x0 − xp

ᾱ
) +O(hmax).

Therefore all terms in the left hand side of (28) are non negative for ᾱ ≥ 2α and
provide estimates to verify the conditions (10)-(12).

Note first that the choice w = 1, corresponding to ᾱ = ∞ in (28), implies∑
i h̄iψ

j
i = 1 and hence by (27) we have ‖α2h̄D2ψj‖�1 ≤ 2.
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The estimate (28) shows first that the boundary values satisfy

ψj
0 = O(1/min(xj , α)),

ψj
N̄+1

= O(1/min(a − xj , α)),

and with a second choice of weight function wi = e−xi/ᾱ and wi = e(xi−a)/ᾱ,
respectively, we have similarly

ψj
0 = O(1/α),

ψj
N̄+1

= O(1/α).

Finally, to verify the weak convergence we estimate

|
∑

i

ψj
i (vi − vj)h̄i| ≤ ‖ψjwh̄‖�1‖(v· − vj)w−1‖�∞

and use (28) together with a uniform bound on the difference quotients of v to
obtain

‖(v· − vj)w−1‖�∞ ≤ O(max
i

|xi − xj |e−|xi−xj |/ᾱ) = O(ᾱ),

so that |
∑

i ψj
i vih̄i − vj | ≤ O(ᾱ).

Remark 2.7 (One dimension). Note that in one dimension, d = 1, the edge part
of the residual vanishes since πϕ = ϕ in the nodes.

Remark 2.8 (Nonlinear problems). A non linear problem a = a(u, x) and f =
f(∇u, u, x) for a non linear functional,

∫
Ω g(u(x), x)dx, gives a different dual prob-

lem for ψ, but the same approximation property

‖u− uh‖W 1,∞ + ‖ϕ − ϕh‖L∞ = O(hγ
max)

and the regularity u ∈ C3, ϕ ∈ C3 also yield estimates of the linearization error and
imply the conclusion in the theorem.

Remark 2.9 (Alternative error densities). Let s ∈ [0, 1] and

R∗(ϕh) = −div(a∇ϕh)− F.

Then

(u − uh, F ) = s (R(uh), πϕ − ϕ)
+(1− s) (πu − u,R∗(ϕh))

are alternative global error estimates for s ∈ [0, 1], cf. [8]. The piecewise bilinear
approximation on structured meshes with hanging nodes in this work shows that in
fact also the local error densities are the same for all s ∈ [0, 1] asymptotically as
hmax → 0

ρ̄ → a

12

(
∂2u

∂x21

∂2ϕ

∂x21
+

∂2u

∂x22

∂2ϕ

∂x22

)
including non linear problems a = a(u, x), f = f(∇u, u, x), g = g(u, x) and the
approximation errors D2

i uh → ∂2u
∂x2

i
and D2

i ϕh → ∂2ϕ
∂x2

i
are the dominating errors in

the convergence.
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3. Convergence Rates for the Adaptive Mesh Algorithm

This section constructs an adaptive algorithm and analyzes its stopping, accuracy
and efficiency, using the convergence of the error density in Theorem 2.1. The
analysis is largely based on the similar work on ordinary differential equations in
[21]. The main difference is the hanging node constraint present here.

3.1. Adaptive Refinements and Stopping. Theorem 2.1 proves that the error
expansion

(u − uh, F ) =
∑
K

(ρK +O(
hγ

max

α
+ α))h2+d

K ≡
∑
K

ρ̌Kh2+d
K ,(29)

has a well defined leading order error density ρ which converges uniformly as
hmax → 0+. In the adaptive algorithm below we will use the positive approxi-
mate error density ρ̂K defined by

ρ̂|K ≡ ρ̂K ≡ max (|ρK |, δ)(30)

where

δ ≡ O(
√

hγ
max/α + α).(31)

The constant δ > 0 is motivated by the requirements that hmax → 0 as TOL → 0
and that the bounds for the error density in (40) hold, see Lemma 3.2. Let us now
motivate the optimal choice of element sizes∣∣ρ∣∣hd+2 = constant,

for hypothetical linear tensor finite element methods with no other constraint than
tensor cube elements and a mesh independent error density ρ. Define first, for
a mesh with elements {K1,K2,K3, . . . ,KN}, the piecewise constant error density
and mesh functions ρ|Ki ≡ ρi ≡ ρKi , ρ̂|Ki ≡ ρ̂i ≡ ρ̂Ki and h|Ki ≡ hi ≡ hKi . The
number of elements that corresponds to a mesh with size h can be determined by

N(h) ≡
∫
Ω

dx

hd(x)
.(32)

It seems hard to use the sign of the error indicator for constructing the mesh,
since with only two elements the error can be zero just by chance: let

∫ 1
0 f(s)ds = 0

be the integral of a continuous function where also f(0) = f(1) = 0. This integral
can be computed by the Euler method without error for a very particular choice
of just the two elements (0, s̄), (s̄, 1), with an interior point s̄ satisfying f(s̄) = 0,
but any other choice of two elements gives in general very large error. Instead we
choose to minimize the number of elements N in (32) under the more stringent
constraint

N̄∑
i=1

|ρi|hd+2
i =

∫
Ω

|ρ(x)|h2dx = TOL.(33)

This yields, with a standard application of a Lagrange multiplier, the optimal ele-
ment sizes h∗ satisfying

(34) |ρ|(h∗)d+2 = constant



14 K.-S. MOON, E. VON SCHWERIN, A. SZEPESSY, AND RAÚL TEMPONE

and

h∗ ≡ TOL
1
2

|ρ| 1
d+2

(∫
Ω

|ρ(x)| d
d+2 dx

)− 1
2

.(35)

This condition is optimal only for density functions ρ with one sign and for meshes
with shape regular elements, i.e. non stretched elements. To use the sign of the
density or orientation of stretched elements in an optimal way is not considered in
this work.

The goal of the adaptive algorithm described below is to construct a mesh of Ω
such that

(36) ρ̂ih
d+2
i ≈ TOL

N
, ∀ i = 1, . . . , N,

which is an approximation of the optimal (34). To achieve (36) let s1 ≈ 1 be a
given constant, start with an initial mesh of size h[1] and then specify iteratively a
new mesh h[k + 1], from h[k], using the following dividing strategy:

for all elements i = 1, 2, . . . , N [k]

r̄i[k] ≡ ρ̂i[k](hi[k])d+2

if r̄i[k] > s1
TOL
N [k]

then

mark element i for division and recursively mark all neighbors
that need division due to the hanging node constraint:
at most one hanging node per edge

endif
endfor

divide all marked elements into 2d uniform sub elements.

(37)

With this dividing strategy, it is natural to use the stopping criterion:

(38) if
(

max
1≤i≤N [k]

r̄i[k] ≤ S1
TOL
N [k]

)
then stop.

Here S1 is a given constant, with S1 > s1 ≈ 1, determined more precisely as
follows: we want that the maximal error indicator decays quickly to the stopping
level S1TOL/N , but when almost all error indicators r̄i satisfy r̄i < s1

TOL
N the

reduction of the error may be slow. Theorem 3.1 shows that slow reduction is
avoided if S1 satisfies (41).

The remainder of this section analyzes in three theorems the adaptive algorithm
based on (36) with respect to stopping, accuracy and efficiency. To analyze the
decay of the maximal error indicator, it is useful to understand the variation of the
density ρ̂ at different refinement levels, in particular we will consider an element
K[k] and its parent on a previous refinement level, p(K, k), with the corresponding
error density ρ̂(K)[p(K, k)]. Since by (47), TOL → 0+ implies that hmax → 0,
Theorem 2.1 shows that there is a limit error density ρ̃ such that

(39) ρ̌ → ρ̃, ρ → ρ̃ and ρ̂ → |ρ̃|, as TOL → 0 + .

A consequence of ρ̂ → |ρ̃| , as TOL → 0+, and (30) is that for all elements K and
all refinement levels k there exists a positive function c close to 1 for sufficiently
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refined meshes, such that the error density satisfies

(40)
c(K) ≤ ρ̂(K)[p(K, k)]

ρ̂(K)[k]
≤ c(K)−1,

c(K) ≤ ρ̂(K)[k − 1]
ρ̂(K)[k]

≤ c(K)−1,

provided maxK,k hK [k] is sufficiently small. In other words, (40) holds with e.g.
c = 2−1 for sufficiently small maxK,k hK [k]. Note that the condition (40) also
implies a related constraint on the optimal mesh, see Remark 3.3.

Theorem 3.1 (Stopping). Suppose the assumptions of Theorem 2.1 hold and the
adaptive algorithm uses the strategy (37)-(38). Assume that c satisfies (40), for the
elements corresponding to the maximal error indicator on each refinement level,
and that

(41) S1 ≥
2d

c
s1, 1 >

c−1

2d+2
.

Then each refinement level either decreases the maximal error indicator with the
factor

max
1≤i≤N [k+1]

r̄i[k + 1] ≤ c−1

2d+2
max

1≤i≤N [k]
r̄i[k],(42)

or stops the algorithm.

We have tested several alternative stopping rules, such as |
∑

i ρ̄ih
2+d
i | ≤ TOL

which may be the first idea for a stopping condition. It turns out that the stop-
ping condition (38) yields more accurate error estimates both theoretically and
computationally, see [21].
Proof. Define the piecewise constant error indicator function r̄|K ≡ r̄K , for all

elements K. There is a point x∗ ∈ Ω giving the maximal error indicator value

r̄(x∗)[k + 1] = max
1≤i≤N [k+1]

r̄i[k + 1]

on refinement level k + 1. The corresponding indicator r̄(x∗)[k], on the previous
level, satisfies precisely one of the following three statements

r̄(x∗)[k] ≤ s1TOL
N [k]

,(43)

s1TOL
N [k]

< r̄(x∗)[k] ≤ 2d+2 s1TOL
N [k]

,(44)

r̄(x∗)[k] > 2d+2 s1TOL
N [k]

.(45)

If (43) holds either the element containing x∗ is not divided on level k + 1 or it is
divided on level k + 1 by the hanging node condition. In any case, (40) implies

r̄(x∗)[k + 1] ≤ c−1s1TOL
N [k]

.(46)

Condition (41) and the bound N [k + 1] ≤ 2dN [k] imply

S1TOL
N [k + 1]

≥ c−1s1TOL
N [k]

,

which together with (46) show that the algorithm stops at level k+1 if (43) holds.
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Similarly, if (44) holds, the element containing x∗ is divided on level k + 1, so
that r̄(x∗)[k + 1] ≤ c−1s1TOL

N [k] again and consequently the algorithm stops at level
k + 1.

Finally if (45) holds, the elements containing x∗ is divided and by (40)

r̄(x∗)[k + 1] ≤ c−1

2d+2
r̄(x∗)[k] ≤ c−1

2d+2
max

1≤i≤N [k]
r̄i[k],

which proves the theorem. ✷

Let us verify that the choice (31) of δ implies that hmax → 0 and that the
function c in (40) is close to 1 for sufficiently refined meshes.

Lemma 3.2. Suppose the assumptions of Theorem 3.1 hold, then

(47) lim
TOL→0+

hmax[J ] = 0,

for the final mesh J , and∣∣∣∣ ρ̂(K)[p(K, k)]
ρ̂(K)[k]

− 1
∣∣∣∣ = O(

√
hγ

max/α + α),∣∣∣∣ ρ̂(K)[k − 1]
ρ̂(K)[k]

− 1
∣∣∣∣ = O(

√
hγ

max/α + α),

where hmax ≡ maxk≤J hmax[k].

Proof. When the algorithm stops, on level J , the error indicators satisfy the
bound

ρ̂ih
d+2
i ≤ S1TOL

N
, for all i.(48)

Consequently we have by (30)
S1TOL

N
≥ δhd+2

max,

which using (31) proves (47):

h2max

√
hγ

max/α + α ≤ S1TOL
Nhd

max

≤ S1TOL∫
Ω dx

.

Theorem 2.1 and definition (30) imply

ρ̂ = max(|ρ̃|+O(hγ
max/α + α), δ)

where |ρ̃| is the limit of ρ̂, formulated in the motivation of definition (40). Therefore,
we have ∣∣∣∣ ρ̂(K)[p(K, k)]

ρ̂(K)[k]
− 1
∣∣∣∣ ≤ O(hγ

max/α + α)
δ

= O(
√

hγ
max/α + α).

The same estimates for ρ̂(K)[k−1]
ρ̂(K)[k] finishes the proof. ✷

Remark 3.3 (Mesh constraints). The error density condition (40) also implies
constraints on the optimal mesh, for instance the assumption 1

2 (ρ̄(x)[k] + ρ̄(x +
h)[k]) = ρ̄(x)[k − 1] shows that

(49) 2c − 1 ≤
∣∣∣∣ ρ̄(x + h)[k]

ρ̄(x)[k]

∣∣∣∣ ≤ 2c−1 − 1.
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3.2. Accuracy of the Adaptive Algorithm. The adaptive algorithm guarantees
that the estimate of the global error is bounded by a given error tolerance, TOL.
An important question is whether the true global error is bounded by TOL asymp-
totically. Using the upper bound (38) of the error indicators and the convergence
of ρ and ρ̄ in Theorem 2.1, the global error has the estimate

Theorem 3.4 (Accuracy). Suppose that the assumptions of Theorem 3.1 hold.
Then the adaptive algorithm (37)-(38) satisfies

(50) lim sup
TOL→0+

(
TOL−1

∣∣(u − uh, F )
∣∣ ) ≤ S1.

Proof. When the adaptive algorithm stops, (16), (30) and (38) imply

TOL−1|(u − uh, F )| = TOL−1|
N∑

i=1

(ρ̄ih
d+2
i +O(δ2)hd+2

i )|

≤ TOL−1
N∑

i=1

(|ρ̄i|+O(δ2))hd+2
i

≤
N∑

i=1

(1 +
O(δ2)

ρ̂i
)
S1

N

≤ S1 +O(max δ),

(51)

which together with Lemma 3.2 proves (50) in the limit as TOL → 0. ✷

3.3. Efficiency of the Adaptive Algorithm. An important issue for the adap-
tive method is its efficiency: we want to determine a mesh with as few elements as
possible providing the desired accuracy. From the definition (32) and the optimality
condition (35), the number of optimal adaptive elements, N opt, satisfies

N opt =
∫
Ω

dx

(h∗(x))d
=

1

TOL
d
2

(∫
Ω

|ρ[k](x)| d
d+2 dx

) d+2
2

,

i.e.

(52) N opt =
1

TOL
d
2
‖ρ‖

d
2

L
d

d+2
.

Here ‖ · ‖
L

d
d+2

is the quasi-norm defined by

‖f‖
L

d
d+2

≡
(∫

Ω

|f(x)| d
d+2 dx

) d+2
d

.

On the other hand, for the uniform mesh with elements h = constant, the
number of elements, Nuni, to achieve

∑N
i=1 |ρi|hd+2

i = TOL becomes

Nuni =
∫
Ω

dx

hd(x)
=

∫
Ω dx

TOL
d
2

(∫
Ω

|ρ[k](x)|dx
) d

2

,

i.e.

(53) Nuni =

∫
Ω

dx

TOL
d
2
‖ρ‖

d
2
L1.

Hence, the number of uniform elements is measured in the L1-norm while the op-
timal number of elements is measured in the L

d
d+2 quasi-norm. Jensen’s inequality
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implies ‖f‖
L

d
d+2

≤ (
∫
Ω

dx)
2
d ‖f‖L1, therefore an adaptive method may use fewer

elements than the uniform element size method, cf. Remark 3.6.
The following theorem uses a lower bound of the error indicators, obtained from

the stopping condition (38) and the ratio of the error density (40), to show that
the algorithm (37)-(38) generates a mesh which is optimal, up to a multiplicative
constant.

Theorem 3.5 (Efficiency). Assume that c = c(x) satisfies (40) for all elements
at the final refinement level, that all initial elements have been divided when the
algorithm stops and that the assumptions of Theorem 3.1 hold. Then there exists
a constant C > 0, bounded by (2

d+2

s1
)

d
2 , such that the final number of adaptive

elements N , of the algorithm (37)-(38), satisfies

(TOL
d
2 N) ≤ C ‖ ρ̂

c
‖

d
2

L
d

d+2
≤ C

(
max
x∈Ω

c(x)−
d
2

)
‖ρ̂‖

d
2

L
d

d+2
,(54)

and

lim
TOL→0+

‖ρ̂‖
L

d
d+2

= ‖ρ̃‖
L

d
d+2

,

lim
TOL→0+

max
x∈Ω

c(x)−
d
2 = 1,

i.e. the number of elements is asymptotically optimal up to the problem independent
factor C ≤ (2

d+2

s1
)

d
2 .

Proof. When the adaptive algorithm stops, on level k, the error indicators satisfy
the upper bound

r̄K [k] = (ρ̂(K)hd+2
K )[k] ≤ S1TOL

N [k]
, ∀K ∈ T .

By assumption, each element K[k] has a parent on a previous level, p(K, k) (not
necessary the previous level k − 1), which was divided. We shall show that this
parent indicator r̄(K)[p(K, k)] satisfies the lower bound

r̄(K)[p(K, k)] >
s1TOL

N [p(K, k)]
,(55)

and this lower bound is the essential step to obtain the estimate (54). If this parent
was not refined by hanging node constraints, the lower bound holds. In fact, it also
holds if the refinement was made by hanging node constraints: then the parent has
a refined neighbor element which has half the mesh size while the error densities ρ̂i

and ρ̂j of two neighboring elements satisfy by Theorem 2.1∣∣1− ρ̂j

ρ̂i

∣∣ = |ρ̂i − ρ̃i + ρ̃i − ρ̃j + ρ̃j − ρ̂j |
ρ̂i

= O(
hγ

max/α + α

δ
+

hmax

δ
) = O(

√
hγ

max/α + α).

Therefore the error indicator of the parent is a factor 2d+1 larger than for the
neighbor. Hence, starting from source elements, where the indicator is marked
for refinement not by the hanging node constraint, the error density for successive
connected hanging node neighbors increase and consequently also the hanging node
refinements satisfy the lower bound (55).
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The indicators of the parent elements therefore satisfy the lower bound

ρ̂(K)[p(K, k)]2d+2hd+2
K [k] = (ρ̂(K)hd+2(K))[p(K, k)]

>
s1TOL

N [p(K, k)]

≥ s1TOL
N [k]

.

The estimate on the number of elements now follows by relating the error indicators
to the lower bounds of their parents:

hd+2(K)[k] >
s1TOL
N [k]

1
2d+2

1
ρ̂(K)[p(K, k)]

≥ s1TOL
N [k]2d+2

c

ρ̂(K)[k]
.

This and (32) imply

N [k] =
∫
Ω

dx

hd(x)[k]
<

(N [k])
d

d+2 2d

(s1TOL)
d

d+2

∫
Ω

∣∣∣∣ ρ̂c
∣∣∣∣ d

d+2

dx

which together with Hölder’s inequality proves the theorem

N [k] ≤
(
2d+2

s1

) d
2 ( 1

TOL

) d
2 ‖ ρ̂

c
‖

d
2

L
d

d+2

≤
(
2d+2

s1

) d
2 ( 1

TOL

) d
2
(‖c−1‖L∞‖ρ̂‖

L
d

d+2
)

d
2 .

✷

Remark 3.6 (Adaptive gain). An example with adaptive gain is Poisson’s equation

−∆u = f in Ω = (−1, 1)2,
u = 0 on ∂Ω,

with computation of the functional

(56) (u, F ) =
∫
Ω

∂x1u(x) exp (−|x|2/ε2)dx/(πε2),

and ε > 0. Smooth f implies that u, ϕ ∈ C3(Ω) and that the error density has the
bound

ρ(x) =
O(1)

(|x|+ ε)3
,

which by (54) implies that the optimal number of adaptive elements N , for error
TOL, satisfies

lim
TOL→0+

(TOL N) = O(1),

while (53) shows that the number of uniform elements for the same error becomes
larger by a factor ε−1

(57) Nuni =
O(ε−1)
TOL

.

The other case with the functional (u, F ) = ∂x1u(0) yields an error density with
a singularity. Adaptivity for this functional can also be analyzed and computed by
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regularizing with ε = o(TOL) in (56) and choosing α = o(TOL1/6)|x|11/12. Then
the error density in (16) has the expansion

ρ̌ =
O(1)

(|x|+ ε)3
(1 + o(1)),

as TOL → 0+,and the number of adaptive elements has the asymptotic optimal
bound limTOL→0+(TOL N) = O(1), while the number of uniform elements satisfies
(57).

3.4. Implementation of the Adaptive Algorithm. This subsection presents
a detailed implementation, called MSST, of the adaptive algorithm (37)-(38). The
dividing strategy (37) is applied iteratively until the approximate solution is suf-
ficiently resolved, in other words, until the approximate error density ρ̂ and the
elements satisfy the stopping criteria (38):

Initialization: The user chooses
(1) an initial error tolerance, TOL,
(2) an initial coarse (uniform) mesh and
(3) a number, s1, in (37) and a rough estimate of c in (40) to compute S1

using (41).
Set the iteration number k to 0.

Step I: Increase the iteration number k by 1. Compute the second order
accurate approximation uh[k] ∈ Vh[k] of (2) and compute the approximate
weight ϕh[k] ∈ Vh[k], using the second order accurate method (7).

Step II: If:
(

max
1≤i≤N [k]

r̄i[k] ≤ S1TOL
N [k]

)
then stop the program

else: do (37)
go to Step I.

endif:

3.5. Decreasing Tolerance. This subsection studies an adaptive algorithm al-
lowing the tolerance to decrease slightly as the mesh is refined. The decreasing
tolerance is motivated by efficiency – the efficiency of the algorithm depends on
the total work including all refinement levels. If the number of elements in each
refinement iteration increases only very slowly, the total work becomes proportional
to the product of the number of elements in the finest mesh times the number of
refinement levels. The condition (35) shows that the number of refined levels, J ,
satisfies

minh = 2−J

∫
Ω

dx/N [1] = O(TOL1/2).(58)

A relation minh = O(TOLα), α > 0 still holds for many singular densities, as in
Remark 3.6. Therefore, J = O(d

2 log(TOL−1)) � logN , so that the total number
of elements for the algorithm (37)-(38) would be essentially bounded by

O(N logN).(59)

A more efficient refinement algorithm is obtained by successively decreasing the
tolerance, TOL[k + 1] < TOL[k], in each refinement so that

N [k]
N [k + 1]

≤ c̄ < 1(60)
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always holds. The condition (60) would imply that the total number of elements
satisfy

J∑
k=1

N [k] ≤ N [J ]
1− c̄

.(61)

Therefore, a slightly decreasing tolerance may be more efficient than a constant
tolerance, which yields the total work (59). Including the assumption

c′ ≤ TOL[k + 1]
TOL[k]

≤ 1(62)

and replacing c by c′c in (41) directly generalizes Theorems 3.1, 3.4 and 3.5 to
slightly varying tolerance, where TOL in (50) and (54) then denotes the final stop-
ping tolerance. However, an unattractive consequence of varying tolerance is that
the stopping tolerance becomes a priori uncertain, see Remark 3.7 and Theorem
3.8.

Remark 3.7. A decreasing tolerance is useful if there are few elements with their
error indicators, r̄i, in the set (s1TOL/N,∞). To include a decreasing tolerance,
modify the algorithm by adding the command “Set V = 0” in the end of Step I and
replace the statement “ go to Step I” before goto Step I in the end of Step II
by:

if: (N [k]/N [k + 1] > c̄ & V = 0), then
TOL ≡ TOL[k](1− c̄−1−1

2d−1
), V = 1 and go to Step II,

else:
go to Step I.

endif:

Include in the initialization also a choice of the factor c̄ to increase the number of
elements in (60).
Assume that the set (c′s1TOL/N, s1TOL/N ] contains a fraction c′′N of the el-

ements, where 2−d < c′ < 1; for instance, if the error indicators, r̄i, are uni-
formly distributed in [0, s1TOL/N ], with a negligible part outside of this set, there
holds c′′ = 1 − c′, which yields c̄ = 1

1+c′′(2d−1)
= 1

1+(1−c′)(2d−1)
and motivates

c′ = 1− c̄−1−1
2d−1

in the algorithm. A refinement approximately maps the error indi-
cator set

(c′s1TOL/N, s1TOL/N ]

to
(c′s1TOL/(N2d+2), s1TOL/(N2d+2)].

Then the next refinement continues with essentially a similar distribution of the
error indicators, provided c′ is not too small. When the algorithm stops, the final
tolerance satisfies

TOL[0] ≥ TOL[J ] ≥ TOL[0](c′)J = TOL1+O(| log c′|),

which for c′ close to 1 is only a slight change. ✷
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Let us now show that the total number of elements can be bounded by a constant
times the number of elements in the finest mesh, in the case of decreasing tolerance.
Its proof uses that the tolerance decreases sufficiently, which simplifies the analysis.
A more refined study, with less demanding assumptions on the tolerance, following
the idea in Remark 3.7 would need deeper understanding of the distribution of
the error indicators r̄i. In contrast to the basic Theorems 3.1, 3.4 and 3.5, the
following result has the drawback that it uses a uniform bound in (40) which yields a
condition, on c′, that in practice can be too restrictive although it seems reasonable
for very small tolerances. The proof is also more complicated and less natural than
the previous proofs.

Theorem 3.8. The total number of elements satisfies the bound

J∑
k=1

N [k] = O(N [J ]),

for a variant of MSST where all levels have decreasing tolerance

TOL[k + 1] = TOL[k]c′

satisfying 0 < c′ < c, provided all initial elements are divided, S1 ≥ s12d/(cc′) and
(40) holds uniformly for all elements.

Proof. Let s2 ≡ s1c/(c′2d+2) and N0[k] ≡ {i : s2TOL[k]/N [k] ≤ r̄i[k] ≤
s1TOL[k]/N [k]}. We shall first verify that

min
K,k

(r̄KN/TOL)[k] ≥ s2.

Assume first that

min
K

r̄K [k] > s1TOL/N [k],

then all elements are divided on level k + 1 and by (40)

r̄(K)[k + 1] = (ρ̂(K)h(K)d+2)[k + 1]

≥ cρ̂(K)[k]
hd+2(K)[k]

2d+2

=
c

2d+2
r̄(K)[k]

>
cs1TOL[k]
2d+2N [k]

therefore

min
K

r̄(K)[k + 1] >
cs1TOL[k + 1]
c′2d+2N [k + 1]

=
s2TOL[k + 1]

N [k + 1]
.

Then if n ∈ N0[k] the element n is not divided on level k + 1, unless the hanging
node constraint required division but then the error indicator is bigger than its
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source of the hanging node constraint, see the proof of Theorem 3.5, so that

r̄(K)[k + 1] ≥ c r̄(K)[k]

≥ c s2 TOL[k]/N [k]

≥ c

c′
s2 TOL[k + 1]/N [k + 1]

> s2 TOL[k + 1]/N [k + 1].

Therefore we conclude, by induction, that the error indicators satisfy

min
K,k

(r̄(K)N/TOL)[k] ≥ s2.

The next step is show that at most m consecutive levels can have the slow
increase N [k]/N [k + 1] > c̄. This will imply that the total number of elements is
bounded by a constant times the final number of elements. Assume the contrary
that

N [k]
N [k + 1]

> c̄, k = κ, . . . , κ + m,(63)

where m and c̄ satisfy

(c′)m

c
<

s2
s1

,(64)

1 < c̄−1 < 2d/(m+1),(65)

and let N0[k] ≡ #N0[k] and N+ ≡ N − N0. The condition (63) and

N [k + 1] = N0[k] + 2dN+[k]

show that the number of divided elements, N+[k], satisfies

N+[k] <
c̄−1 − 1
2d − 1

N [k].(66)

The tolerance decreases, so that after m levels the dividing barrier is

s1TOL[κ + m]/N [κ + m] < (c′)ms1TOL[κ]/N [κ].

All elements in N0[κ] must have been divided after m levels, since if they have
not all been divided some error indicators are larger than cs2TOL[κ]/N [κ] and
condition (64) gives the contradiction

s1
TOL[κ + m]
N [κ + m]

< (c′)ms1
TOL[κ]
N [κ]

< cs2
TOL[κ]
N [κ]

.

Dividing of all elements in N0[κ] shows that N0[κ] must be smaller than the sum
of divided elements

N0[κ] ≤
m∑

j=1

N+[κ + j](67)

which also leads to a contradiction, since by (66)

N0[κ] = N [κ]− N+[κ] >
2d − c̄−1

2d − 1
N [κ]
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and by combining (66) and (63)

N+[κ + j] <
c̄−1 − 1
2d − 1

N [κ + j]

<
c̄−1 − 1
2d − 1

c̄−1N [κ + j − 1]

<
c̄−1 − 1
2d − 1

c̄−jN [κ],

so that by the assumption (65)

N0 −
m∑

j=1

N+[κ + j] >
2d − c̄−m−1

2d − 1
N [κ] > 0,

which contradicts (67). Hence, the number of consecutive levels, where N [k]/N [k+
1] > c̄, must be smaller than m + 1 and therefore

J∑
k=1

N [k] ≤ mN [J ]
1− c̄

= O(N [J ]).

✷
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