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ABSTRACT. Convergence rates of adaptive algorithms for weak approximations
of It6 stochastic differential equations are proved for the Monte Carlo Euler
method. Two algorithms based either on optimal stochastic time steps or opti-
mal deterministic time steps are studied. The analysis of their computational
complexity combines the error expansions with a posteriori leading order term
introduced in [A. Szepessy, R. Tempone and G. Zouraris, Comm. Pure and
Appl. Math., 54, 1169-1214, 2001] and an extension of the convergence re-
sults for adaptive algorithms approximating deterministic ordinary differential
equations, derived in [K-S. Moon, A. Szepessy, R. Tempone and G. Zouraris,
preprint http://www.nada.kth.se/~szepessy/ode.ps]. The main step in the ex-
tension is the proof of the almost sure convergence of the error density. Both
adaptive algorithms are proven to stop with the optimal number of steps up to
a problem independent factor defined in the algorithm. Numerical examples
illustrate the behavior of the adaptive algorithms, motivating when stochastic
and deterministic adaptive time step are superior to constant time steps and
when adaptive stochastic steps are superior to adaptive deterministic steps.

1. INTRODUCTION TO ADAPTIVE ALGORITHMS FOR SDE’s

This work derives convergence rates of adaptive algorithms for weak approxima-
tion of Itd stochastic differential equations

lo
(1.1) dX () = ax(t, X (8))dt + Y by (t, X (£)dW*(t), t >0
(=1
where k = 1,...,d and (X (t;w)) is a stochastic process in R?, with randomness

generated by the independent one dimensional Wiener processes W(t;w), £ =
1,..., 4y, on the probability space (2, F, P), cf. [19], [28]. The functions a(t,z) €
R? and bf(t,x) € R, £ =1,..., L, are given drift and diffusion fluxes.

The goal is to construct approximations to the expected value E[g(X (T"))] by a
Monte Carlo method, for a given function g : R — R. A topical example of such
an expected value is to compute option prices in mathematical finance, cf. [18].
Other related models based on stochastic dynamics are used, e.g., for stochastic
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climate prediction and for wave propagation in random media, cf. [21],[1]. The
Monte Carlo Euler method approximates the unknown process X by the Euler
method X(t,) (cf. [20, 22]), which is a time discretization based on the nodes
0=t <ty <---<ty41 =T where

(1.2)  X(tns1) — X(tn) = Atpaltn, X (t, +ZAWfbf(tn,X( ),
=1

and At, = t,yq — tn, AWE = W (t,y1) — WE(t,), n =1,2,...,N + 1. The aim
of the adaptive algorlthm is to choose the size of the time steps, At,, and the
number of independent identically distributed samples X (,w;), j = 1,2,..., M,
such that the computational work, NV - M, is minimal while the approximation error
is bounded by a given error tolerance, TOL, i.e. the event

(1.3) E[g(X Zg (T;w;))| < TOL

has a probability close to one. A priori error estimates of the computational error
in (1.3) was first derived by Talay and Tubaro in [33]. The work [31] modified
Talay’s and Tuboro’s error expansion to an expansion with computable leading
order term in a posteriori form, based on computable stochastic flows and discrete
dual backward problems.

Here we derive convergence rates of two algorithms including dividing and merg-
ing of time steps, with either stochastic or deterministic time steps. The difference
between the two algorithms is that the stochastic time steps may use different
meshes for each realization, while the deterministic time steps use the same mesh
for all realizations. The construction and the analysis of the adaptive algorithms are
inspired by the related work [25], on adaptive algorithms for deterministic ordinary
differential equations, and use the error estimates from [31].

There are numerous adaptive algorithms for ordinary and partial differential
equations, cf. [16], [2], [3], [5, 6], [4], [11], [17], [24], but the theoretical understand-
ing of convergence rates of adaptive algorithms is not as well developed; there are
however recent important contributions. The work [14], [15] and [26] prove optimal
convergence rates for strong approximation of stochastic differential equations. De-
Vore studies in [9] the efficiency of adaptive approximation of functions, including
wavelet expansions, based on smoothness conditions in Besov spaces. Inspired by
this approximation results, Cohen, Dahmen and DeVore prove in [7] that a wavelet-
based adaptive N-term approximation algorithm produces a solution with optimal
error O(N~*) in the energy norm for linear coercive elliptic problems, see also [8].
The work [25] connects DeVore’s smoothness conditions to error densities for adap-
tive approximation of ordinary differential equations. In particular [25] constructs
an algorithm and proves that it stops with the optimal number of time steps, up to
a problem independent factor defined in the algorithm; for any p-th order accurate
method, the optimal number of adaptive steps is proportional to the p-th root of
the L+ quasi-norm of the error density, while the number of constant steps, with
the same error, is proportional to the p-th root of the larger L'-norm of the error
density. This work generalizes [25] to weak approximation of stochastic differential
equations.
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There are two main results on efficiency and accuracy of the adaptive algorithms
described in Section 3. In view of accuracy with probability close to one, the
approximation errors in (1.3) are asymptotically bounded by the specified error
tolerance times a problem independent factor as the tolerance parameter tends to
zero. In view of efficiency, both the algorithms with stochastic steps and determin-
istic steps stop with the optimal expected number of final time steps and optimal
number of final time steps respectively, up to a problem independent factor. The
number of final time steps is related to the numerical effort needed to compute
the approximation. To be more precise, the total work for deterministic steps is
roughly M - N where M is the final number of realizations and N is the final num-
ber of time steps, since the work to determine the mesh turns out to be negligible.
On the other hand, the total work with stochastic steps is on average bounded by
M - E[Niot], where the total number, Ny, of steps including all refinement levels
is bounded by O(N log N) with N steps in the final refinement; for each realization
it is necessary to determine the mesh, which may vary for each realization.

The accuracy and efficiency results are based on the fact that the error density, p
which measures the approximation error for each interval following (2.1), converges
almost surely or a.s. as the error tolerance tends to zero. This convergence can be
understood by the a.s. convergence of the approximate solution, X, as the maximal
step size tends to zero. Although the time steps are not adapted to the standard
filtration generated by W for the stochastic time stepping algorithm, the work
[31] proved that the corresponding approximate solution converges to the correct
adapted solution X. This result makes it possible to prove the martingale property
of the approximate error term with respect to a specific filtration, see Lemma 4.2.
Therefore Theorem 4.1 and 4.4 use Doob’s inequality to prove the a.s. convergence
of X. Similar results of pointwise convergence with constant step sizes, adapted to
the standard filtration, are surveyed by Talay in [32].

The outline of the paper is: Section 2 states the a posteriori error expansion,
proved in [31] and used in the adaptive algorithms; Section 3 describes and analyzes
the adaptive algorithms with stochastic time steps and deterministic time steps;
Section 4 proves a.s. convergence of the error density; and finally Section 5 presents
numerical experiments based on the adaptive algorithms.

For simplicity, we introduce the following notation

9 5
61‘]@’ ki = 61‘kal’l’

with the summation convention, i.e., if the same subscript appears twice in a term,
the term denotes the sum over the range of this subscript, e.g.

1
dij = ib‘fb‘i O =

5

d
Cikakbj = Z Cikakbj.
k=1

For a derivative 0, the notation || is its order.

2. A PoSTERIORI ERROR EXPANSION

The main result of [31] is new expansions of the computational error with com-
putable leading order term in a posteriori form. The result was inspired by a
corresponding a priori analysis derived in [33], with the main difference that the
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weight for the local error contribution to the global error can be computed effi-
ciently by stochastic flows and discrete dual backward problems in [25]. These a
posteriori error expansions can be used in adaptive algorithms, in order to control
the approximation error. Although [31] proposed adaptive algorithms, the main
focus in that work was on error estimates. Properties regarding the stopping, effi-
ciency and accuracy of the adaptive algorithms, following the ideas in [25] are first
studied here. Assume that the process X satisfies (1.1) and its approximation, X,
is given by (1.2), then these error expansions in Theorems 1.2 and 2.2 of [31] have
the form

(2.1)  E[g(X(T)) — g(X(T))] B

N
> Aty
n=1

N

Z pnAt?L

n=1

E

+ higher order terms,

where p, At2 are computable error indicators, i.e. they provide information for
further improvement of the time mesh and p, measures the density of the global
error in (2.1). A typical adaptive algorithm does two things iteratively:

(1) if the error indicators satisfy an accuracy condition then it stops; otherwise
(2) the algorithm chooses where to refine the mesh and then makes an iterative
step to (1).

In addition to estimate the global error E[g(X (T)) — g(X(T))] in the sense of (2.1),
the indicators p,At2 also give simple information on where to refine to reach an
optimal mesh, based on the almost sure convergence of the density p,, as we refine
the discretization, see Section 4.

In the remaining part of this section we state one error expansion from [31],
which can be used with either stochastic or deterministic time steps. The work
[31] also proves a second error expansion which requires less computational work
per realization, in particular for large d, however this expansion is only valid with
deterministic time steps and it has larger statistical error. Although adaptive algo-
rithms based on this second expansion work well in practice, the larger statistical
error makes it difficult to analyze precisely. Therefore this work focus on the first
error expansion.

The following Lemma 2.1 and Theorem 2.2, derived in [31], describe the error
expansion which is used in the adaptive algorithms in Section 3. Assume that for all
times t € [t,, tn41) and all outcomes w the time steps At(t) = Aty are constructed
by the refinement criterion

At(t) = T2~™, for some positive integer m = m(t,w),

22) Ip(t, )| (At(t))? < constant,

with an approximate error density function, p(t,w) = p,(w), satisfying, for s,t €
[0,7T] and all outcomes w, the uniform upper and lower bounds

¢(TOL) < |p(5,w)| < C(TOL),

for some positive functions ¢ and C, with TOL/¢(TOL) — 0 as TOL — 0. Here
Ow )Y denotes the Malliavin derivative which is the first variation of a process Y’

(2.3)
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with respect to a perturbation dW (¢) at time ¢ of the Wiener process, cf. [27] and
[31].

Lemma 2.1. Suppose there are positive constants k and C' and integer mg with
the bounds

EC{ZB(W) 10a9(2)] < C(1 + |2|¥), for all |a| < my,

| <
E[IXO)PH+H + [X (o) ] < C

)

and
a and b are bounded in C™ ([0, T] x RY).

Assume that X is constructed by the forward Euler method with step sizes Aty
satisfying (2.2, 2.8) and the corresponding AW, = W (tp11) — W (t,) are generated
by Brownian bridges, based on the stochastic time step algorithm in Section 3.
Assume also that X(0) = X (0). Then there exists a sufficiently large integer mg
such that

(2.4) sup \/E [[X(t) - X@®))P]=0 (\/ Ats“‘”) =0 ( c(i‘%i)) =0,

0€[0,T]

as TOL — 0, where Atsyp = sup,, , Aty (w).

Theorem 2.2. Suppose that a,b,g and X satisfy the assumptions in Lemma 2.1
and E[| X (0)|F] < C for some ko > 16. Then the time discretization error has the
eTpansion

N

(25) E[g(X(T) - gX@MN=E | pltn, X)(Aty)?
n=1
TOL [C(TOL)\%* Al )
+O ( +(TOL) (c(TOL) ) E ;(At”)
with computable leading order terms, where
— 1 0
p(tn,X) = 8tak + 0jara; + Oijard;j | i (tnt1)
1/0 1
(2.6) + atdkm + 0; dkma] + 8z]dkmd” + 20; akd]m ‘Pkm(tn-i-l)

+8j dkm jr (p;clmr (tn+1 ) )

and the terms in the sum of (2.6) are evaluated at the a posteriori known points
(tn, X(tn)), i.e.

00 = 0na(tn, X (tn)), Oab = 0ab(tn, X(t)), Oad = Oad(t,, X (t,)).
Here ¢ € R? is the solution of the discrete dual backward problem

(2.7) pi(ty) = 6icjﬁmy(tn))¢j (tng1), tn <T,
' @i(T) = 0;9(X(T)),

with

(2.8) Ciltn, ) = i + Atnai(tn, =) + AW (tn, x)
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and its first and second variation

a@z(tn)X( ) Z’)

(2.9) Vi = Ouy(en)piltn) = bz; ’
(2.10) Pitm (tn) = O (t) Pk (tn) = s 63:( =9,

which satisfy for t, <T
Pip(tn) =0 Cj(tnaX( n)
(2.11) +0ic (tn, X (
(p;k (T) - zkg(X(T))7

Okc (tn: X( ))‘P}p(tn-‘rl)

S

and

‘pglkm(tn) = 0O CJ( Y(_))akcp(tmy(tn))amcr(tmY(tn))‘ﬁypr (tns1)
+61mc]( )_X( ))61»011 tn,

( (¢ )) E XE ;) ( ;
+0; cJ ny X OkmCp(tn, X(tn gagp tna1
(2.12) (£0)) Oy (n, X () )
Ol (@) = Oukmg(X(T)),

respectively.

The previous result can be directly applied to the particular case of deterministic
time steps. The deterministic time stepping algorithm uses the sample average of
p(tn, X) in (2.6), that is the error density becomes

(2.13) Bltn, X MT Zp X

which has variance Var[p,] = (’)(MT_I).

3. ADAPTIVE ALGORITHMS FOR SDE

This section presents two adaptive time stepping algorithms and analyzes the
basic properties of the adaptive algorithms for the computational problem (1.1).
These adaptive algorithms choose adaptively the number of realizations and the
time steps, including dividing and merging, to bound the approximation error by
a given error tolerance.

The computational error in (1.3) naturally separates into the time discretization
error and the statistical error

M
G2 B - 5 Y o(X(T5w)
_ _ 1L
= (Bl9(X(@) - oK@ + | Bla(TT)) - 57 3 9(X(T5)

= Er+&s.

The time steps for the realizations of the approximate solution X are determined
from statistical approximations of the time discretization error, &7, and the number,
M, of realizations of X is determined from the statistical error, £5. The statistical
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error and the time discretization error are combined in order to bound the compu-
tational error (3.1). Therefore we split a given error tolerance TOL into a statistical
tolerance, TOLg, and a time discretization tolerance, TOLy. The computational
work is roughly O(N - N) = O(TOL;' TOLg?), therefore we use

1 2
(3.2) TOLy = gTOL and TOLg = gTOL,
by minimizing TOL;' TOLZ? under the constraint TOL7 + TOLg = TOL.
Control of the statistical error. For M independent samples {Y (w;) ]-]Vil of a

random variable Y, with E[|Y'|%] < oo, define the sample average A(Y’; M) and the
sample standard deviation S(Y; M) of Y by

(3.3)

M
A(Y; M) = %ZY@) and S(V; M) = [A(Y*; M) — (A(V; 1))/

j=1
Let oy = (E[|Y — E[Y]|?])"/? and consider the random variable

B

Znr = Y (A(Y; M) — E[Y))

gy
with cumulative distribution function Fyz,,(z) = P(Zy < z), z € R Let A =
(E[lY — E[Y]]?])"/? /oy < oo, then the Berry-Esseen theorem, cf. [10], gives the
following estimate in the central limit theorem

3
sup |Fz,, (z) — ®(z)] < —=\?
x6g|Z() ()|_\/M

for the rate of convergence of Fz,, to the distribution function, ®, of a normal
random variable with mean zero and variance one, i.e.

(3.4) ®(z) = /; i% exp (—%s2> ds.

Since in the examples below M is sufficiently large, i.e. M >> 365, the statistical
error

Es(Y; M) =E[Y]— AY; M)
satisfies, by the Berry-Esseen theorem, the following probability approximation

P <[|55(Y;M)| < CJ—YMD ~ 28(c,) — 1.

In practice choose some constant ¢, > 1.65, so the normal distribution satisfies
1> 2®(c,) — 1> 0.901 and the event
S(Y; M)

vM
has probability close to one, which involves the additional step to approximate oy
by S(Y'; M), cf. [12]. Thus, in the computations E5(Y’; M) is a good approximation
of the statistical error Eg(Y; M).

For a given TOLg > 0, the goal is to find M such that Eg(Y; M) < TOLg. The
following algorithm adaptively finds the number of realizations M to compute the
sample average A(Y; M) as an approximation to E[Y]. With probability close to
one, depending on c,, the statistical error in the approximation is then bounded by

(3.5) 1E5(Y; M)| < Bs(Y; M) =,
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TOLg, see Theorems 3.3 and 3.9. Technical reasons to prove a.s. convergence in
Lemma 4.4 motivates our choice M = 2", n € N.

routine Monte-Carlo(TOLg, My; EY)

Set the batch counter m = 1, M[1] = My and Eg[1] = +o0.

Do while (Eg[m] > TOLg)
Compute M[m] new samples of V', along with the sample average
EY = A(Y; M[m]), the sample variance S[m] = S(Y'; M[m]) and
the deviation Eg[m + 1] = Eg(Y, M[m]).
Compute M[m + 1] by change M (M[m], S[m], TOLg; M[m +1]).
Increase m by 1.

end-do

end of Monte-Carlo

routine change M (M;,, Sin, TOLg; Myut)

N2
M* = min{integer part (C%(;SL’;) , MCH x Mm}
(3:6) n = integer part (log, M*) + 1
Moye =2m.

end of change M

Here, My is a given initial value for M, and MCH > 1 is a positive integer
parameter introduced to avoid a large new number of realizations in the next batch
due to a possibly inaccurate sample standard deviation S[m]. Indeed, M[m + 1]
cannot be greater than MCH x M[m).

Control of the time discretization error. For given time nodes 0 = #; < ... <
tyy1 =T, let the piecewise constant mesh function At be determined by
At(r) = Aty, for T € [tp,tpr1) and n=1,...,N.

Then the number of time steps that corresponds to a mesh At, for the interval
[0,T7], is given by

T
1
3.7 N(At) = ——dr.
(37) @n= [ g
Counsider, for 7 € [tp,tn41) and n =1,..., N, the piecewise constant function
(3.8) p(1) = sign(pn) max (|pnl, 9)

which measures the density of the time discretization error, where p,, = p(t,, X) is
defined by (2.6) for the stochastic time stepping algorithm or p, = p(t,, X) from
(2.13) for the deterministic time stepping algorithm. Here we have sign(z) = z/|z|,
for z € R — {0}, sign(0) = 1, and we use the positive parameter, ¢, satisfying
§ + TOL?/§ — 0, in order to guarantee that Atgs,, — 0 and that p(t) and p,
have the same limit, as TOL7 — 0. From now on, with a slight abuse of notation,
p(tn) = pn denotes the modified density (3.8).

Following the error expansion in Theorem 2.2, the time discretization error is
approximated by

(3.9) [Er| = |Elg(X(T)) —g(X(T)]| S E

>



CONVERGENCE RATES FOR ADAPTIVE WEAK APPROXIMATION OF SDE’S 9

using the error indicator, r,, defined by
(3.10) o = |p(tn)| AL,

with the modified error density defined by (3.8). To motivate the adaptivity proce-
dure for the time partition, let us now formulate an optimal choice of the time steps
by minimizing the expected computational work subject to the accuracy constraint

N
PR

n=1

(3.11) E < TOLy.

More precisely, solve
N (&%)

PO

n=1

(312)  min E[N(A#)], such that At € K and E < TOLy,

where K is the feasible set for the mesh function At and N (At) is the corresponding
number of steps. The optimal choice of time steps in K is based on the given density
pnlk], which is piecewise constant on the mesh At[k],k =1,2,.... The choice of K
determines either deterministic time steps or stochastic time steps. For example, if
we let

= At € L2,((0,T)) :At is deterministic, positive and
piecewise constant on At[k]
then the objective function in (3.12) becomes deterministic and a standard appli-

cation of a Lagrange multiplier shows that the minimizer of the problem (3.12)
satisfies

(3.13) E[r,] = constant, for all time steps n,

which sets the basis for the refinement procedure with deterministic time steps. On
the other hand, letting

K = At € L%, p((0,T) x Q)) :At is stochastic, positive and
piecewise constant on At[k](w)
leads to
(3.14) rp(w) = constant, for all time steps n and for all realizations w,

which sets the basis for the refinement procedure with stochastic time steps.

Thus, the adaptive algorithm with stochastic time steps uses the optimal con-
ditions (3.11) and (3.14) to construct the mesh which may be different for each
realization. On the other hand, the adaptive algorithm with deterministic time
steps uses the optimal conditions (3.11) and (3.13) to construct the mesh which is
the same for all realizations.

3.1. Convergence rates for stochastic time steps. The optimal conditions
(3.11), (3.14) and the restriction (2.2) motivate that the goal of the adaptive algo-
rithm is to construct a time partition At of [0, T] for each realization such that

TOLp TOLy
< |pn]At2 < s1—7, Vn=1,..,N
BN = 1PrlBtn S o gy Ve
where s; and s are given constants satisfying 0 < s2 < s1. Note that in practice
the quantity E[N] is not known and we can only estimate it by a sample average
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A(N; M) from the previous batch of realizations. The statistical error |E[N] —
A(N; M)| is then bounded by Eg(N; M), with probability close to one, by the
same argument as in (3.5). The remainder of this section analyzes an adaptive
algorithm based on (3.15) with respect to stopping, accuracy and efficiency.

Let N[j] = A(N; M[j]) be the sample average of the final number of time steps
in the j-th batch of M[j] numbers of realizations. To achieve (3.15), start with an
initial partition At[1] and then specify iteratively a new partition At[k + 1], from
At[k], using the following dividing and merging strategy: for each realization in the
m-th batch and for each time step n =1,2,..., N[k],

TOL
(3.16) ifrplk] > 31#, then divide Aty[k] into H substeps
N[m —1]
(3.17)  elseif max (rp[k], ros1[k]) < 32%, then merge At,[k] and
m —

At,y1[k] into one step, and increase n by 1,
else let the new step be the same as the old one.
endif

Here H is a given integer greater than 1, which bounds the increment of the number
of time steps from one iteration to the next. The following analysis, for fixed H,
can easily be extended to bounded and varying H.

The dividing and merging strategy (3.16, 3.17) motivates the following stopping
criteria: for each realization of the m-th batch

, TOLy B
(318) if (’I"n[k'] <Slm, Vn-l,,N[k]) and
TOLy B
(319) (max (Tn[k],rn+1[k]) > SQm, Vn= 1, AN ,N[k‘] — 1)

then stop the dividing-merging process.

Here S7 and Sy are given constants satisfying 0 < Sy < so < s1 < Si. The
combination of (3.9), (3.11) and the upper bound (3.18) asymptotically guarantee
a given level of accuracy,

|E[g(X(T)) — g(X(T))]| < SiTOL,

while the lower bound (3.19) implies efficiency by almost optimal time steps. When
almost all r,, satisfy r, < s;TOLz/N, the reduction of the error may be slow.
Therefore the algorithm stops if max,, r, < S;TOLr/N and min,,(max(ry,7,+1)) >
SQTOLT/W. What is the right choice for the constants S < sy < s1 < Sp of the
dividing and merging strategy? Before determining sufficient conditions for the
constants, we will describe the algorithm with stochastic time steps in detail.

Remark 3.1. In practice, our numerical tests show that

IEMXUM—AMYUWMN%§<1&
TOL 2 370

so we choose s1 = 2.

The adaptive algorithm. The adaptive, stochastic time stepping algorithm has
a structure similar to the Monte-Carlo routine. First we split the specified error
tolerance by (3.2) and the outer loop computes the batches of realizations of X, until
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an estimate for the statistical error (3.5) is below the tolerance, TOLg. In the inner
loop for each realization, we apply our dividing and merging strategy (3.16, 3.17)
to a given initial time mesh iteratively until the approximate solution is sufficiently
resolved, in other words, until the approximate error density and the time steps
satisfy the stopping criteria (3.18, 3.19) with a given time discretization tolerance
TOLp. This procedure needs to sample the Wiener process, W, on finer or coarser
partitions, given its values on coarser or finer ones respectively. Therefore, the use
of Brownian bridges is natural to preserve the required independence between the
Wiener increments.

Now we are ready for the detailed definition of the adaptive algorithm with
stochastic steps:

Algorithm S
Initialization Choose:

(1) an error tolerance, TOL = TOLg + TOL7,

(2) a number, N[1], of initial uniform steps At[1] for [0,T] and set N = N[1],

(3) a number, M[1], of initial realizations,

(4) an integer H > 2 for the number of subdivisions of a refined time step, a
number, s; = 2 in (3.16) and a rough estimate of ¢ in (3.20) to compute
s2,571, 59 using (3.21, 3.22, 3.23), and

(5) a constant ¢y > 1.65 and an integer MCH> 2 to determine the number of
realizations in (3.6).

Set the two iteration counters, m for batches and k for time refinement levels,
to 1. Set the stochastic error Eg[1] = +o0.
Do while ( Eg[m] > TOLg )
For realizations j = 1,..., M[m)]
Set k =1 and r[l] = +o0.
Start with the initial partition A¢[1] and generate AW1].
Do while ( r[k] violates the stopping (3.18, 3.19) )
Compute the approximation X [k] and the error indicator 7[k] in
(3.10) using the error density (2.6) on At[k] with the known
Wiener increments AW [k].
If ( r[k] violates the stopping (3.18, 3.19) )
For time steps i = 1,..., N[k]
Do the dividing and merging process (3.16, 3.17) to compute
Atk + 1] from At[k] and compute AW [k + 1] from AW /[k]
using Brownian bridges.
end-for
end-if
Increase k by 1.
end-do
end-for
Compute the sample average Eg = A (g(X(T)); M[m]), the sample
standard deviation S[m] = S(g(X(T)); M[m]) and the a posteriori bound
for the statistical error Es[m] = Es(g(X (T)), M[m]) in (3.5).
if ( ES[TI’L] > TOLg )
Compute M[m + 1] by change M (M[m], S[m], TOLg; M[m + 1]), cf
(3.6), and update N = A (N; M[m]), where the random variable N is
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the final number of time steps on each realization.
end-if
Increase m by 1.
end-do
Accept Eg as an approximation of E[g(X (T"))], since the estimate of the
computational error is bounded by TOL.

Note that the dividing and merging strategy in (3.16, 3.17) may do infinite
loops at some time steps if the constant so is too close to s;. Clearly, we want to
avoid the case where the time step At(¢)[k] is divided but in the next iteration,
At(t)[k + 1] is merged. An important ingredient to avoid such instability is the
proof in Section 4 that the error density converges a.s. as the maximal time step
tends to zero. Therefore, for sufficiently small initial meshes, which may depend on
the realization and small tolerance, there exists a positive constant ¢ such that for
all t € [0,T] and for each realization

Hk+1
(3.20) ¢ < ‘M‘ <l
p(t)[]
Stopping of the adaptive algorithm. The right choice of the parameters Sy <
s9 < 1 < S is explained by
Theorem 3.2 (Stopping). Suppose the assumptions of Theorem 2.2 hold and the
adaptive algorithm uses the strategy (3.8), (3.16, 3.17), (3.18, 3.19). Assume that
(3.20) holds with ¢ > 4™, and that

C
(3.21) s2 < gL,
(3.22) Sy < csy,

1
(323) Sl > 281.

Then for each realization the adaptive dividing-merging process stops by the stopping
criteria (3.18, 3.19), after a finite number of operations.

Proof. If s is too close to sp, the algorithm may be unstable in the sense that
a time step is first divided and then in the next iteration the step is merged, or
similarly a step is first merged and then divided. To analyze this unstable situation
assume that (3.20) holds. Merging two steps, where at least one has just been
divided requires that

(3.24) ri[k] > 51 TONLT, and max (r;[k + 1], rig1[k + 1)) < so TONLT

with At;[k + 1] = At;[k]/H, so that by (3.10) and (3.20)

N plk+1]| [ Atk + 1\
(3:25) 2 2 Tor; il \age )

N L TOLT _i

oL, ‘w2 \"'" N ) T 't

Similarly, dividing following merging requires so > ¢s; /4, which is less demanding
than the smaller (3.25). Therefore the condition (3.21) avoids the dividing-merging
instability.
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The next step is to understand the evolution of
Tmaz|[k] = maxr; [k], and rpin[k] = rniin max(r;[k], rit1[k])

for iterations £k = 1,2,.... It is advantageous if Tmaz decreases and_ Tmin INCreases
quickly to levels close to the bounds s;TOL7p/N and s2TOL7/N, respectively.
Indeed, there holds

671

(326) Tmaz [k + ]-] < ﬁrmaz [k]7
provided 7,42 [k] > H?s;TOL7 /N, and
(327) T'min [k + ]-] > 4crmin[k];

provided 7pin[k] < 52TOL7/(4N). In other words, the error indicators r,,,, and
rmin decrease and increase, respectively, with a constant factor away from the
bounds

Tmaz > stlTOLT/N and 7, < $2TOL7/(4N).

If 7qz s close to the dividing bound, i.e. if
(3.28) Tmaz[k] < H*s;TOLr/N,

then in the next iteration 7., [k+1] < ¢ 15, TOL7 /N, since a divided step cannot
be merged by (3.21). Therefore ry,q.[k + 1] enters the stopping region, rpme: <
S, TOLz/N, provided S; > s;/c and the condition (3.28) remains satisfied for the
later iterations provided ¢=1 < H?2.

Similarly, if r,,,;, is close to the merging bound, i.e. if

then r,,in[k + 1] > ¢soTOLy/N. Therefore r,,;, belongs to the stopping region,
Tminlk + 1] > SeTOLy /N, provided Sy < cs2 and the condition (3.29) remains
satisfied for the later iterations provided ¢ > 4='. When both rye. and rmin
have entered their stopping regions, the dividing-merging process stops, and the
algorithm continues with the next realization. O

Accuracy of the adaptive algorithm. The adaptive algorithm guarantees that
the estimated error is bounded by S;TOLt + TOLg = (% + %)TOL. The next
question is whether the true error is bounded by (% + %)TOL asymptotically.
Using the upper bound (3.18) of the error indicators and the a.s. convergence of p,

proved in Section 4, the approximate error has the estimate

Theorem 3.3 (Accuracy). Suppose that the assumptions of Theorem 2.2 hold.
Then the adaptive algorithm (3.8), (8.16, 3.17), (3.18, 8.19) satisfies, for any con-
stant co > 0 defined in (3.6),

(3.30)

o (E(X@)] - AGE@):M)| _ S 2\ [ e
IT‘c“)“LIEEP< TOL =73 +3> Z/ de.
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Proof. To simplify the proof, we split the fraction on the left hand side of (3.30)
into a statistical error and a time discretization error, for all s € Ry,

(3.31)
lim infrop, o P (\E[Q(X(T))]}éig(y(T)) ) < 51 +2 )
> limin P (E[g(X<TT))OLg<X<T))]| B[y(X( T))]TSL S| s, %>
. |E[9(X(T)—g(X (T))]|
211m1an< [ TOL ] <

and

|E[g<X<T>)];g£g<X<T)>;M>| <5 +%_S>

i (PO ¢

[E[9(X(T))| - A(g(X(T)); M)] 1
P g ]TOLg §%+%_5)>'

The time discretization error. When the adaptive algorithm stops, the error esti-
mate (2.1) and the stopping bound for A¢ (3.18) imply

Z At; /
< S TOLt E

|E[9(X(T) —g(X(T)]| < E

|A(7) IdT]

L " 1) dT]
\/ﬁ;/ﬁ—l lp(7)] ‘

Apply the dominated convergence theorem to the right hand side of the above
equation to get

1

| E [9(X(T)) — (X (T))]]

i
TH(I)lLSEIg TOLr
T, .
. Jo 16D/ |p(7)|dr
S1 E |limsup —
TOL—0 TOLyN

<8, E

1 /T 15(7)]
— lim su T .
Vliminfror_o TOLrN Tor—0.Jo +/|p(7)]

Corollary 4.3 in Section 4 shows that both p and p converge a.s. to the limit p, so
that dominated convergence, based on (3.8), establishes

T ~ T
(3.32) Téiiﬂo/o |p|;2|)|d72/0 VIp@)dr a.s.

since |p|/+/|p| is uniformly bounded in L' using the facts (2.5) and (3.8).
Rewrite the inequality (3.18) as

TOLy 1
"Nim — 1] At;’

ol <
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integrate both sides, use the definition (3.7) and take the sample average of M[m)]
independent samples to obtain

_ \/N[m
(3.33) N[m] > W (/ Vip@)dr; M m]>

Take the limit in (3.33) and use that Corollary 4.3 implies

T T
lim A (/ \/ |p(7‘)|dT;M[m]> =F / vV |ﬁ(7)|d7']
0 0

TOL—0

— 1
. .
\/IT‘CI?L‘EE TOLrN > \/5—1E

oy E D) — g (X))
TOL—0 TOLy
Since TOLy = +TOL, this deterministic limit implies that for all s > S;/3

B [g(X(T) — g(X(T)]| _ S) _ 1L

to get

/OTJWdT],

and consequently

< 5.

TOL

(3.34) liminf P <
TOL-0

The statistical error. Use that in (3.6) the number of realizations is

M> (%8(9%@%%)2

to rewrite 1/TOL < (2/3¢o)vVM /S(g(X(T)); M) by (3.2), so that

X
P<|E[g< (T)] = Alg(X (D) M)] _ S g_s>
TOL -3 3

. P<|E[g<7<T>>]—A(g(Y(T>>;M>|m<3ﬂ<ﬂ g_s>>_

Let x = (E[g(X(T))]— A(g(X(T)); M))/S(g(X(T)); M) and X = (E[g(X(T))]—
; ); M). Then, write

X=KX-x +x
and note that Y — x — 0, weakly as At — 0, and that S(g(X(T)); M) — o4(x (1)),

strongly as M — oo. Therefore the central limit theorem shows that limtor,—o X
is normally distributed with mean zero and variance one and consequently

(3.35)
o p (BB - AGER@)] S (S 2
A P( s e (3 >>

5, TOL—0 3 3
s> 3

R (FHEs) a2 o g—"/2
sup / dr = dx
S5 R (g V2T S V2R
Finally the combination of (3.31), (3.34) and (3.35) proves the theorem. 0
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Efficiency of the adaptive algorithm. The minimal expected number of time
steps in the class of stochastic time steps A#(t,w) depends on the stochastic data
and the individual realizations X through the constraint E[g(X (T)) — g(X(T))] =
TOL7. The conditions (3.11) and (3.14) imply that the optimal expected number
of time steps, E[Ng], satisfies (cf. [31])

(3.36) E[Ns] = TOL ( / VIl dTD

On the other hand, for the constant time steps At = constant, the number of
steps, N¢, to achieve Zfil |pi] At? = TOL7, becomes

T
(3.37) Ne = TOTLT ( / Eupmum) .

Therefore, Jenson’s inequality shows that the adaptive method with stochastic
time steps uses fewer time steps than the method with a constant time step, i.e.,

(3.38) E[Ns] < Ne.

The following theorem uses the lower bound (3.19) of the error indicators to
show that the algorithm (3.16 - 3.19) generates a mesh which is optimal, up to a
multiplicative constant C' = 4/S5.

Theorem 3.4 (Efficiency). Suppose that the assumptions of Theorem 2.2 hold.
Then there exists a constant C > 0, asymptotically bounded by 4/Ss, such that,
using a final batch of M[m] realizations, the final sample average

N[m] = A(N; M[m)])
of the number of adaptive steps of the algorithm (3.16, 3.17), (3.18, 8.19) satisfies
2
Niml? T
(3.39)  TOLr N o (a4 / VIp(m)ldr; M[m]
N[m — ].] 0
and asymptotically

(3.40) limsup TOLy E[N] < (
TOLT*}[)

[/ )

Proof. For each realization, Theorem 3.3 shows that the adaptive dividing-merging
stops, by the stopping criteria (3.18, 3.19), and the set of time steps satisfies,

{At;:i=1,...,N}=DUMand DNM =0

where
(341) D = {At: Sl Al < § 2L iy Ny
N[m —1] N[m —1]
TOL
(342) M = {Ati:|ps|A8 < 52%, i=1,..N}.
N

Condition (3.19) shows that there is no successive pair of time steps which belongs
to the set M. This means that the number of steps N in M is at most the same
as the half of the number of steps, N, i.e. N < [4] where [a] rounds the number
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a to the nearest integer greater than or equal to a. Then for each realization, the
number of steps satisfies

(3.43) Nm|=Np+ Ny < Np + ’V@“ < 2Np[m]+ 1 < 3Np[m)].

Take the sample average of both sides of M[m] independent samples to get

1— —
(3.44) gN[m] < Np[m].
The time steps At; € D satisfy
TOLy 1
3.45 So—r—— ,
(3.45) i ar, < VW

and by integrating both sides with the definition (3.7) and taking the sample aver-
age, we get

(3.46) sz_TOi (/ V]p(T)|dr; M)

Nim — 1]

The estimate (3.44) shows

TOL N TOLT —
Nim-1 3 Nim 1]

which together with (3.46) proves (3.39) where C' = 9/S5. A more precise use of
the last inequality in (3 43) shows C' — 4/52, as N — oo.

To prove (3.40), apply dominated convergence theorem to (3.39) and use Corol-
lary 4.3 to get

2
— 4 T
(3.47) lim sup TOL; N < — [ E / NGO
TOL7—0 Sa 0
Integrate (3.45) and take the expected value to obtain
(3.48) limsup TOL7E [N[m]]
TOLr—0

T
< \/i limsup E |\/TOLrN[m — 1]/ \/|ﬂ(7’)|d7’] .
S2 TOL7p—0 0

Dominated convergence, the a.s. convergence of error density, p — p, and the bound

(3.47) imply
lim sup (\/TOLTN —1/ Vie dT)]

IN
&=

limsup TOL7 E[N]

TOLT—0 TOLT—>0
4
< ”—E limsup \/TOL7N[m — 1] / V |ﬁ(7)|dT]
Sz |TOLz—0

IN

(el )

which proves (3.40). O
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Remark 3.5. The error density condition (8.20) also implies constraints on the

optimal mesh, for instance H = 2 and the assumption (p;[k]+pit1[k]) = p(t:)[k—1]

show that

pi+1lk]
pilk]

Remark 3.6. If the number of elements in each refinement iteration increase only

very slowly, the total work including all refinement levels becomes proportional to

the product of the number of steps in the finest mesh times the number of refinement
levels, J, which satisfies min At = H=/T/N[1] = O(TOL), so that

J = O(log(TOL™ 1)) = O(log N).

(3.49) 2c—1<

‘§2cl—1.

Therefore the average of the total number of time steps is essentially bounded by
E[Nlog N].

3.2. Convergence rates for deterministic time steps. The main difference
between the stochastic and the deterministic time step algorithm is that the addi-
tional work to find the optimal deterministic steps requires a much smaller number,
Mo, of realizations than total number of realizations M. The approximation of the
time discretization error in the right hand side of (3.9) can be separated into two
parts

N N N N
(3.50) E Zrn] <A (Z rn;MT> +|E Zrn] - A (Z rn;MT> :
n=1 n=1 n=1 n=1

where the second error term in the right hand side of (3.50) is approximated by

N N S (EnN:1 rn; MT)

and the first term defines Err = A (Egﬂ Tn} MT). Then for a given TOLp >

0, the goal is to construct a partition At of [0,7], with as few time steps and
realizations Mp as possible, such that

(3.51) |E

5 Ers =c¢y

Err + Ers < TOL7T.

To this end, first split the time discretization tolerance TOL7 in two positive parts
TOLpr and TOLyg for Epr and Epg respectively. The statistical error of the time
discretization using the density (2.13) is O(Atmaz /v M7). Therefore the percentage
of the tolerance, TOL, devoted to the control of the statistical time discretization
error can be arbitrary small as TOL — 0. In practice we choose

2 2 1 1
(3.52) TOLpp = §TOLT = §TOL and TOLzg = gTOLT = §TOL.

The control of the statistical time discretization error determines the number of
realizations Mt to ensure a reliable choice of the time discretization in the deter-
ministic time stepping algorithm.

Take into account (3.8) and define the error density, p, by

N N
Err=A <Z’I"n;MT> = ZﬁnAti
n=1 n=1
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Following the optimal conditions (3.11) and (3.13), the goal of the adaptive algo-
rithm described below is to construct a time partition At of [0, 7] such that

TOLTT TOLTT
N

(3.53) ds < |pa] A2 < dy  ¥Yn=1,.,N

where d; and dy are given constants satisfying 0 < dy < dy. This section analyzes
an adaptive algorithm based on (3.53), with respect to stopping, accuracy and
efficiency.

To achieve (3.53), start as in Section 3.1 with an initial partition A¢[1] and then
specify iteratively a new partition At[k+1], from At[k], using the following dividing
and merging strategy: for n = 1,2,..., N[k] let 7,, = |pn|At2 and
TOLpr

N[k} °

(3.54) if 7 [k] > dy then divide Aty[k] into H substeps

TOLpr
N[k] ~
At,11]k] into one step, and increment n by 1,

(3.55) elseif max (7p[k], Fni1[k]) < da then merge At,[k] and

else let the new step be the same as the old one.
endif

until the following stopping criteria is satisfied:

(3.56) if <Fn[k] < DlT]?[[LkﬁT, Vn=1,.. .,N[k]> and
(3.57) (max (Fplk], Pns [K]) > 02%, Vn=1,...,N[k| - 1)

then the dividing-merging process stops.

Here Dy and D, are given constants satisfying 0 < Dy < dy < dy < D;. The com-
bination of (3.50) and (3.56) asymptotically guarantees a given level of accuracy,
Err < D1 TOLpr and the lower bound (3.57) implies efficiency by almost optimal
time steps. The positive numbers D; and D- are motivated to avoid slow conver-
gence in case almost all 7, satisfy (3.56, 3.57), as in Section 3.1. Before determining
the sufficient conditions for the constants Dy < ds < dy < D1, we will describe the
algorithm with deterministic time steps in detail.

Remark 3.7. In practice, our numerical tests show that

|E[g(X(T)] = A(g(X(T)); M)| di 2
TOL *g <gPv

so we choose di = 2.

The adaptive algorithm. First we split the specified error tolerance into three
parts, TOLg, TOL7yr and TOL7g by (3.2) and (3.52). The first loop below deter-
mines the mesh with My realizations by changing iteratively the time steps using
our dividing and merging strategy (3.54, 3.55) until |p| and At satisfy the stopping
criteria (3.56, 3.57) and the statistical error estimate Eps < TOLps. Then, the
second loop with fixed mesh chooses the number M of realizations, using (3.6) until
Es < TOLg holds.

Now we are ready for the detailed definition of the adaptive algorithm with
deterministic steps:
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Algorithm D
Initialization Choose:

(1) an error tolerance, TOL = TOLgs + TOLyy + TOLyg,

(2) a number, N[1], of initial uniform steps A#[1] for [0,T],

(3) a number, MJ1], of initial realizations and set M7[1] = M[1],

(4) an integer H > 2 for the number of subdivisions of a refined time step, a
number, d; = 2 in (3.54) and a rough estimate of ¢ in (3.58) to compute
ds, D1, Dy using (3.59, 3.60, 3.61), and

(5) a constant cp > 1.65 and an integer MCH> 2 to determine the number of
realizations in (3.6).

Set the iteration counter, k, for time refinement levels, to 1 and set the statistical

error, Epg = 400 and 7[1] = +o0.

Do while ( 7[k] violates the stopping (3.56, 3.57) or Erg > TOLrg )
Compute, with the same mesh At[k], sample averages and error estimates
by calling Euler.

If ( 7[k] violates the stopping (3.56, 3.57) )
For all time steps i = 1,..., N[k], do the dividing and merging process
(3.54, 3.55) to compute Atk + 1] from At[k].

elseif ( Ers > TOLys )
Compute Mr[k + 1] by change M (Mr[k], Vrs[k], TOLrg; Mr[k + 1]).
Set At[k + 1] = At[k].

end-if

Increase k by 1.

end-do

Compute an approximation, Eg, for E[g(X (T))] with fixed time mesh At = At[k]

by Monte-Carlo(My[k], TOLg; Eg).

Accept Eg as an approximation of E[g(X (T"))], since the estimate of the

computational error is bounded by TOL.

routine Euler
Compute M, [k] new realizations of the Euler method with the same partition
At[k] and update the approximations of the time discretization error
indicators 7[k] and the statistical time discretization error Epg[k].
end-of-Euler

Stopping of the adaptive algorithm. The right choice of the parameters Dy <
ds < di < D1 is explained by

Theorem 3.8 (Stopping). Suppose the assumptions of Theorem 2.2 hold and the
adaptive algorithm uses the strategy (3.8), (3.54, 3.55), (3.56, 3.57). Assume that
there emists a positive constant ¢ > 271 such that for all t € [0,T] and for each
realization

pt)[k +1] 1
(3.58) = \W\ ¢
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and that
c
(359) dy < Wdl’
(3.60) Dy < ng,
H
(3.61) D, > ?dl.

Then the adaptive dividing-merging process stops by the stopping criteria (3.56,
3.57), after a finite number of operations.

Proof. The proof is the same as for Theorem 3.2 in [25], which is also similar to
Theorem 3.2. g

Accuracy of the adaptive algorithm. The adaptive algorithm guarantees that
the estimated error is bounded by a given error tolerance, D; TOLy + TOLg =
(%Dl + %)TOL. By applying the same arguments as in the proof of the Theorem 3.3,
the true error for the deterministic time stepping is also bounded by (2D; + 2)TOL
asymptotically, using the upper bound (3.56) of the error indicators and the a.s.
convergence of |p| in Section 4.

Theorem 3.9 (Accuracy). Suppose that the assumptions of Theorem 2.2 hold.
Then the adaptive algorithm (3.8), (3.54, 3.55), (3.56, 8.57) satisfies, for any con-
stant co > 0 defined in (3.6)

(3.62)
o |E [g(X(T))] — A(g(X(T)); M)| _ 2 2 co g=a/2
g ( TOL <goiri)z [ e

Proof. By applying the same arguments as in the proof of Theorem 3.3, we obtain,
for the time discretization error,

|E [9(X(T)) — g(X(T))] |
TOLrr

(3.63) < D\E [

I Iﬁ(T)I/\/—Ip(T)IdT] _
Jy VIp)ldr

Corollary 4.3 and Theorem 2.2 show that p converges a.s. to the limit p and Theo-
rem 4.5 proves that the sample average, p, converges to E[p]. Therefore dominated
convergence shows that the fraction in the right hand side of (3.63) converges to 1,
ie.,

l —_— Iﬁ(T)I/\/—Ip(T)IdT]

L0 [ VIRl

. VOT Iﬁ(T)I/\/IE—[ﬁ(T)]IdT] _
Jy VG )Idr

This deterministic limit implies that for all s > 2D,

<|E [9(X(T) —g(X(M)] | _ S) 1

i B [fi’ Iﬁ(T)I/\/—Ip(T)IdT]
ToLmo | VIl

(3.64) liminf P

TOL—0 TOL

and consequently the combination (3.64) and (3.35) proves (3.62). O
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Efficiency of the adaptive algorithm. Within the class of deterministic time
steps, the conditions (3.11) and (3.13) give the minimal number of steps

1 r ’
(3.65) Np = TOL, (/0 % E[|P(7')|]d7'> .

Using the definitions (3.36) and (3.37) of the minimal expected number, E[Ng], of
stochastic time steps and the number, N, of constant time steps respectively, we
obtain

(3.66) E[Ns] < Np < N¢

by applying Jensen’s inequality.

Similar to Theorem 3.4 with N instead of N, we prove the following theorem
using the lower bound (3.57) of the error indicators to show that the algorithm
(3.54 - 3.57) generates a mesh which is optimal, up to a multiplicative constant
Theorem 3.10 (Efficiency). Suppose that the assumptions of Theorem 2.2 hold.
Then there exists a constant C > 0, asymptotically bounded by 6/Ds, such that
the number, N, of adaptive steps of the algorithm (3.8) (3.54, 3.55), (3.56, 3.57)
satisfies

(3.67) TOLy N < C (/OT \/|p_(7')|d7'> .

4. ALMOST SURE CONVERGENCE OF THE ERROR DENSITY

This subsection proves pathwise a.s. convergence of the error density using a.s.
convergence of the approximate solution of the Monte Carlo Euler method based on
the adaptive algorithms presented in Section 3. Before presenting the main result,
we extend the Euler method, for theoretical purposes only, to ¢ € [0,T] by

. . ¢ . o t,
(4.1) X(t)—X(O):/O a(s; X)ds + S :/0 5 (5 X)aW (s)
(=1

_ - . . . . .
where @ and b are the piecewise constant approximations, see Figure 1,

a(s; X) = a(t,, X(t,)) and EZ(S;Y) = b (tn, X (tn)) for s € [tn,tni1).

4.1. Stochastic time steps. Let us now for H = 2 define the maximum step size
for a fixed realization by

(4.2) Atsup(n) = sup Atp(n) =T27",
1<n<N

for a positive integer 1. Theorem 4.1 and Lemma 4.2 below show that the approx-
imate solution converges a.s. to the correct limit.

Theorem 4.1. Suppose that a,b, g and X satisfy the assumptions in Lemma 2.1.
with the mazimum time step size Atgyp(n) in (4.2). Then for any o < 1/2

(4.3) lim At;2(n) sup |X(t)—X(t)| =0 a.s.,
n—00 t€[0,T]

sup

where Atfup(n) = (Atsup(n))ﬁ for B € R.
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a and a
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0 tn—l tn n+1 tn+2 T

FiGURE 1. The piecewise constant approximations @ and a.

Proof. To simplify the proof, let us introduce the forward Euler approximation X
of X with uniform time steps, At, on a much finer grid than At, so that {iAt: i =
0,...,N} includes all time steps for X. We can extend X as in (4.1) to t € [0,T]
by

A A t A ZO tA A
(4.4) X(t)—X(O):/O a(s; X)ds + ) /Obf(s;X)dW‘-’(s)
(=1

where @ and b’ are the piecewise constant approximations, see Figure 1,
a(s; X) = a(iAt, X(iAt)) and b(s; X) = b'(iAt, X(iAt)) for s € [iAt, (i+1)At).
Then, the error splits into

Aty () sup X (#) - X(t)l

(4.5) < Aty () sup [X(#) - X ()] + At (n )Sliplff(t) - X()l.

Let us first study the a.s. convergence of the second term in (4.5). The con-
vergence of the standard Euler method with uniform time steps in the first term
follows then by a similar derivation or by [32]. To show a.s convergence of the
second term we observe that

(4.6) X(t) - X(t) = /0 t Aa(s)ds + /0 t AbL(s)dW(s),

where for ¢ € [t,,, tnt1),

Aa(t) = a(t; X) — a(t; X),
AbL(t) = bl (t; X)) — b (E; X).
Now let us define the second term of the right hand side in (4.6) by

(4.7)

(4.8) Y(t) = / t Ab(s)dWE(s).

We have sup, / E[|Y (¢)|?] = O( Atsup by using the mean square strong convergence
of the Euler approx1mat10n in Lemma 2.1. Lemma 4.2 below verifies that Y is
a continuous martingale with respect to a filtration generated by {W(s), At(s) :
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s < t}, so that |Y| is a submartingale. Therefore Doob’s inequality and Jensen’s
inequality give, for any o’ € R,

1
P (s V01> M,0) < g EIV
< S VEITOP
— oaes).

The definition (4.2) then implies, for a positive constant C,

ZP( sup |V (t)] > AtS, (0 )) < > o( Atz
n=1

0<t<T

oo

Oy 2 i) < o,
n=1

provided % — a' > 0. Therefore the Borel-Cantelli lemma implies

(4.9)

IN

P < sup |Y ()| > Atsup( ) infinitely often ) =0,
0<t<T

ie., with a < 1

(4.10) At (n) sup |Y(t)] = 0 a.s., as n — oo.

su
PR <<

The first term in the right hand side of (4.6) satisfies

t T
sup|/ Aa(s)ds| §/ |Aa(s)|ds.
t Jo 0

Therefore Chebyshev’s inequality yields

T
(sup|/ Aa(s)ds| > At (n )) < P (/0 |Aa(s)|ds > AL (1 )>
< AtQi( )E (/OT|Aa(s)|ds>
T T )
<z ® | e ds]

= o(anzm),

where the last equality follows from Lemma 2.1. The argument in (4.9) and the
Borel-Cantelli lemma give similarly Atsup( ) sup; | fo Aa(s)ds| = 0 a.s. for a < §
as 11 — 00, and consequently for a < 5

(4.11) Atz (n) sup |X(t) — X(t)] = 0 a.s. as 7 — oo.
t€[0,T]
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The same arguments applied to the first term in the right hand side of (4.5) yield
for a < %,

(4.12) Atgun(n) sup |X(t) — X(t)] = 0 a.s. as n — oo.
te[0,T]

Here Lemma 4.2 holds directly for X , since X is adapted to the standard o-algebra
generated by W (s). The combination (4.12) and (4.11) proves (4.3). O

The key to our proof of Theorem 4.1 is that Y; = Y (¢) in (4.8) is a martingale
with respect to a filtration F; :

Lemma 4.2. Suppose that a,b,g and X satisfy the assumptions in Lemma 2.1. Let
the process Yz be defined by (4.8) and the filtration F; be the o-algebra generated by
{W(s), At(s): s < t}. ThenY; satisfies

(i): E[|Yi]] < oo, for0<t<T,

(ii): Y; is adapted to Fy,

(iii): E[Y; | Fs] =Y fort > s,
i-e., Y; is a martingale with respect to F;.

Proof. To prove the lemma, we observe by Lemma 2.1 that E[|Y;|] < \/E[|Y|?] <
oo and the construction of X implies Y; € F; for all ¢, so that (i) and (ii) holds.
Note that Y; is not adapted to the standard filtration generated by W only. Using
conditional expectation and the notations in Theorem 4.1

t
EY,|Fs] = ED@IEHEU Ab’de‘Z|}‘s}
t
(4.13) = Y+EU Ab’de"|};}.

It remains to verify E [f: A AW | }'S] = 0. Since Ab’ is piecewise con-
stant, rewrite [7 Ab AW = Y12 AV (A AW, where AW! = W((i + 1)At) —
WE(iAt) with the uniform time steps, At, which is finer than A¢; at the end point
t of the interval [s,t] we let AW[ = W¥(t) — W¥(noAt) and similarly for the end
point s.

Let us now study one term E [Abl(ﬁAt)AWé]. Divide the interval, [RAf, (A +
1)At), into the union of disjoint intervals [ A¢ + E;”:_ll Atj, At + E;nzl At}), s0

A

that At = Ezzl At,,, with the corresponding Wiener increments

" mo m—1
AW, = WAL+ Aty) = WinRAL+ Y Aty),
j=1 j=1

The end intervals (noAt,t) and (s,n1At) are treated similarly.
We claim that X (¢,) is essentially independent of the increments W (£ + At) —

W (f), provided At(#) is sufficiently small and ¢, < . The stopping criteria (3.18,

3.19), for each final acceptable time discretization imply that min,, (S} T%T — )
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is positive for all realizations. The approximate solution X () depends on dW (%),
for 7 < t = AAf, only through changes in the mesh. We shall show that, provided

At is sufficiently small and conditioned on the o—algebra M(t, AAt) generated by
{dW(r): T<t, orT>1t+ ﬁt}, the probability to change the mesh by a change in
only ﬁW(ﬂ is arbitrary small, thus X (7) will be essentially independent of ﬁW(ﬂ
for 7 < £. Conditioned on M(%, &t), let Tn(ﬁW)AE E[rn,|M(t, ﬁt)] denote the

dependence of the error indicator 7, on the noise AW. The Malliavin derivative,
Owe()Tn, and Taylor’s formula imply

~ N 1 ~
ra(AW) = 1, (0) + AW? / Owe(t)ra(TAW )dr.
0

The mesh generated by r.(AW) and r.(0) is the same provided

414 0 < S TONLT (AW
_— TONLT - (rn(O) + At /0 1 awe(t)rn(TﬁW)dT>
= 5 TONLT — (rn(0) + AW - r.), for all n,

and

(4.15) min (sl TONLT - rn(0)> = €(w) > 0.

Therefore, (4.14, 4.15) hold if AW - ry, < €(w) for all n. Let
¢ = ¢/((sup At,)*C(TOL)),

then |AW| < ¢ implies AW -7/, < e, since

2 | fol aW(t)p(tm TAW)dT| c
(sup At,)2C(TOL) — 7

AW -1ty < |AW|rt| < el = e(At,)

provided p(t,, AW) = E[p(t,)|M(i, At)] and p is an approximate error density
function satisfying (2.3).
Consequently, the following independence claim holds:

() is independent of AW (£) conditioned on

(4.16) A oA N
AW (t)| < € and M(t, At), for t, <t,

and the conditional probability to have different meshes with r.(0) or r. (ﬁW(f)) is,
for sufficiently small At, bounded by
(4.17)

p(|AW| >¢ | M(i,At),fs) = 1—p(|AW| <é | M(i,At),fs) < (At)?
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since
P(|ﬁW| <é| M(f,ﬁt),fs) - P(|&W| <é| M(E,&t))
~\2 ~
> 1-Cyexp <— (61 > >1— (At).
4At

Let us define the o-algebra G generated by {dW (7) : 7 < aAt or 7 > At + &t}
and {At(7) : 7 < nAt}. Then using the results (4.17) and (4.16), we get

E [AbfAW;; | fs} - E [E [AbfAW;; | g] |fs]

= E[E [Abf (Awf+(1 » +1 )ﬁWf) |g] |}'s}
{lamil<er  {lawi]>&
(4.18) = E[E[AVAW]|G]) | F]+E [E {Ab’z 1 AW | g] I};}
{|AW:|<é}
+E {E {Ab‘z 1. AW g} |}'s].
{1aw|>é}
By (4.17), the last term of (4.18) becomes
(4.19) E [E [Abf 1 = ﬁW{-’ | g} |]—'s} =E [O((ﬁt1)3)]
{|aw:|>e}

and from (4.16) the second term of (4.18) becomes
(4.20) E {E {Ab‘f 1 AWY | g] |fs]
{lAaw|<e}
= E[E[aV | g, {|AW| <&}, 7]
xE[1 - AWE| G, {|AWy] < &, F) P(AW,| <€ | G, fs)] =0.

{|AW|<é}

v

=0
Therefore we obtain from (4.19) and (4.20)
(421) E [AVAWE | 7] = B[E[AAW! | 6] | F]+ B [0((&1)3)] .
Apply this &W, AW argument recursively to E[Ab' AW ] conditioned on M (iAt+
ST Aty Atyis) to get
(4.22)

S O((At)Y) | = B

m

B [AWAW! | fs} = E
a—1)At

nAt R
/ 0((&)2)4 .
(

Letting At — 0+ in (4.22) proves E[AMAW! | F,] = 0 and apply the same
arguments to all intervals [AAt, (i + 1)At], so that by (4.13) E[Y;|Fs] = Y for
t>s. O

To verify a.s. convergence of the error density, let us recall the definition of the
variation of a process Y: the first variation of a function F (Y (T")) with respect to
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a perturbation in the initial location of the path Y, at time s, is denoted by
FI(T; S) :8y(s)F(Y(T))

(4.23) 0 0
= (5 PO Y6 =9) oo g F V(D) Y =)

The definition (4.23) implies that the first variation, X', of the solution X with
respect to a perturbation in the initial location at ¢ satisfies

X, (5) = 9jai(s, X () X}y (5) + 0;b{ Xy, (5)dW'(s), s>,

0, i#k,

and similarly one can derive the equations for the second and the third variation of
X, cf. [31].

The definition of ¢; in (2.8) shows that the forward Euler approximation, Y’, in
(4.24) can be written

(4.24)

Xt (tnritm) = 0j¢i(tn, X (82) X 4 (tn tm)

(4.25) A
X:k( m) = Oik-
Then the equations for ¢ in (2.7) and for X in (4.25) imply
N-1 »
0 = Z (‘PZ( n) — 0ic; (th( )) (tn+1)) X (tnitm)
n=m
N-1

U

= Y iltas) (Talturiitm) = Oyci (b X (1)) Xy tnitm)

+0i(tm) X (b tm) — 0i(T) X o (T )
= Qiltm) iy (tms tm) — @i (1) X34 (T3 tn),
ie.,
(4.26) ok (tm) = 0ig(X (1) X34 (Ts ),
by using the initial conditions of ¢ and X'. The definitions of the first and second
variations of ¢ in (2.9) and (2.10) also yield
(4.27)
Plen () = 039X (D)X g (T ) + 0ir g (X (T)) Xy (T 1) X i1 (T 1)

and
(4.28)

Pt (tm) = i (X (TN X i (T3 tm) + Digg (X (T)) X, (T3 )Xl,m<T~tm>

+0ir g (X (D)X i1 (T ) Xy (T tm) + 0ir g (X (D) X i (T3 1) X (T )

+0irwg (X (T)X 4y (T ) X 1o (T ) X (T L)

Define the function p following the error density p in (2.6) by substituting X by
the limit X and replacing o, ¢', ¢" by the corresponding limits in (4.26-4.28) where
X is substituted by X.

Now we are ready to prove the a.s. convergence of the error density :
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Corollary 4.3. Suppose the assumptions of Theorem 4.1. Then the error density p
in (2.6) converges a.s. to the limit p, defined above, as the specified error tolerance
tends to zero.

Proof. To prove the corollary, it is necessary to understand the convergence of the
discrete dual solutions, p, in (2.7) and its first and second variation, ¢', ¢". Using
the definitions of the variations of X, let us consider an augmented system for
Z = (X, X" X", X")T and let I denote the d x d identity matrix. Then (4.24) and
the equations for X’ and X'’ can be written

dZ = A(t, Z)dt + B(t, Z)dW*(t), t > to

(4.29) Z(to) = (x,1,0,0,0)".

The Euler approximation Z = (X, Y’,Y”,Y’”)T of Z in (4.29) with piecewise
constant drift and diffusion fluxes satisfies
dZ = A(t; Z)dt + B (t; Z)dw*

defined as in (4.1).

Applying Theorem 4.1 to Z and the augmented system (4.29) shows that the
approximation Z converges a.s to the process Z. Therefore, the representations
(4.26- 4.28) and the regularity assumptions on the functions g, a and b imply that
v, ¢' and ¢" converge a.s.. Consequently, the error density p converges a.s. to the
true error density p as the specified error tolerance, TOL, tends to zero, i.e., as the
maximum step size tends to zero. O

4.2. Deterministic time steps.

Lemma 4.4. Suppose that a,b,g and X satisfy the assumptions in Lemma 2.1.
Then for any a € (0,1/2)

(4.30) lim M sup |E[X(t)]—AX(t);M)| =0 a.s.
M—o0 te[0,T]

Proof. The idea is to split the difference in (4.30) into a sum of a martingale and
a bounded integral and use Doob’s inequality for the martingale. Thus, represen-
tation (4.1) shows

(4.31)

EX(#)] - AX(@t); M) = E| /0 b (s; X (s))dW] —A ( /0 bf(s;Y(s))dw’-’;M>

=0

+ [ (Blals X)) - Alalsi X)) 20)) .
0

Denote by {Far:}e>0 the filtration generated by the M independent Wiener pro-
cesses that define the sample average A(X (t); M) and let the o-algebra generated
by the step sizes be o(At). The construction of Algorithm D implies that o(At) is
independent of Fys:. The conditional expectation process

Yar(t) = B [,4 (/Ot b (s: X (s)) AW M) |U(At)]
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is then a Fjr+ martingale and Doob’s inequality yields
Var|Yy (T
PO sup [Var(t)] 2 ¢) < ppze Y2 @]
te[0,T] €

Var[ELAS, 5(s, X (5))dW* (s); M)l (A#)]

_ 2«
=M >

_ Var[BlJy b5, X(s)dW " (5)lo (A1)
M1-2ag2

C
Here C'r is a constant that, due to the smoothness assumptions in the drift and
diffusion coefficients, bounds uniformly the variance of fOT bl (s, X (s))dW*(s). The
construction (3.6) shows that all M belong to the set {2¥|k € N}. Let Mj = 2%,
then

(4.32)
S p( s a2 e) < 3
k=1 te(0,7] € k:l a

and Borel-Cantelli’s lemma implies

(4.33) P <(Mk)o‘ sup |Yar, (t)] > € infinitely 0ften> =0,
te[0,T]

ie. (Myg)®supiepo,r|Ym, ()] = 0 as., as k — oo for 0 < a < 1/2. Now consider
the second term in (4.31), namely f(f (Ela(s; X (s))] — A(a(s; X(s)); My)) ds. First
note that we have

sup ‘/ Ela(s; X (s))]—A(a(s; X(s));Mk)ds‘ <

(4.34) ‘e

T
/0 |Ela(s; (5))] — Aa(s; X(5)); My)| ds

so that a combination of Chebychev’s inequality and Cauchy-Schwatz inequality
yield
t

P ((Mk)” sup | | (Ela(s; X(s))] — A(a(s; X(s)); M))ds| > 6)

te[o,T] Jo

2 T :
< M E[(/ IE[acs,Y(s))]—A<a<s,X(s>>,Mk>lds>]
2 T
< ]\i’; T/o E[(E[a(S,X(S))]—A(d(S,X(S))yMk))2] ds
B Y Sy
- 62M;M/O Var [a(s; X (s))] ds < Ry

The analogous Borel-Cantelli arguments (4.32-4.33) therefore imply for o < 1/2
t
(4.35) (My)™ sup | [ Ela(s; X(s))] — A(a(s; X(s)); Mg)ds| — 0 a.s.
te[o,T] Jo
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which combined with (4.33) proves the lemma. O

Theorem 4.5 (Convergence). Suppose the assumptions of Lemma 4.4 hold. Then
the error density p in (2.13) converges a.s. to E[p], defined in Corollary 4.3, as the
specified error tolerance tends to zero.

Proof. First split E[p] — A(p; M) = E[p — p] + (E[p] — A(p; M)). The first term
is bounded by O(Ats,p) using, for the augmented system in (4.29), the weak con-
vergence of order one, proved for both stochastic and deterministic time steps in
Theorem 2.2. The a.s. convergence of the second term follows from applying Lemma
4.4 to the augmented system in (4.29). O

5. NUMERICAL EXPERIMENTS

This section presents numerical results from the implementation of the adaptive
algorithms described in Section 3, namely the adaptive algorithms with determin-
istic time steps (Algorithm D) and with stochastic time steps (Algorithm S).

Algorithm D uses a Matlab version 6 implementation and simulates the ¢, in-
dependent Wiener processes with a pseudo-random number generator, based on
either a linear congruential recursion,

(5.1) g1 = (aug +¢) mod m

with a = 16807, ¢ = 0 and m = 23! — 1, or on a more advanced random number
generator that uses several seeds proposed by Marsaglia, see [23].

Algorithm S uses a double precision FORTRAN 77 implementation, with the same
linear congruential pseudo-random number generator (5.1). In particular, the pro-
gram applies a double precision modification of the functions ran1l and gasdev
proposed in [30], provided with an initial seed.

In all computations the number of subdivisions of a refined step is H = 2, and
the constants to determine the number of realizations in (3.6) are ¢p = 1.65 and
MCH = 16.

We prescribe the error tolerance TOL = 0.025 with the splitting TOLg = %TOL
and TOLy = %TOL and Algorithm D uses TOLy = TOLypgs + TOLpp, where
TOLzrs = $TOL and TOLyr = 2TOL. Observe that the choice TOLyr = 2TOL
instead of TOLyrr = %TOL will in general give a final number of time steps in
Algorithm D that is around 50% larger than the expected value of the number of
time steps in Algorithm S. However, this apparent disadvantage is largely overcome
by the fact that in Algorithm S we have to compute the time error approximations
for all realizations, while in Algorithm D this is done just in the first loop, which
usually has a smaller number of realizations.

Unless otherwise stated, the time adaptivity procedures in Algorithm D and
Algorithm S are applied with initial uniform partitions of [0, 7] having N[1] = 20
subintervals and the initial number of realizations is M[1] = 64.

The constants for the merging and dividing procedure are taken in accordance
with Remarks 3.1 and 3.7 and the corresponding stopping results in Theorems 3.2
and 3.8. Indeed, we use dy = s; = 2 and d2 = s = 1/40, while the correspond-
ing constants for the stopping criteria are D; = S; = 8 and D, = S» = 1/160,
respectively.

In order to reduce the computational effort, we use antithetic variates, see [13],
to reduce the variance in some computations.
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To see the practical effect of the merging procedure, both algorithms are tested
with and without it. The results with merging correspond to the table values Merge
= 1 and similarly, the results with the antithetic variance reduction correspond to
Anti = 1. Due to the construction of our algorithms, the number of realizations,
M, is a power of 2, see (3.6). In fact, the final number of realizations is either
M = 2'5 = 32768 or M = 2'7 = 131072, depending on the use of variance reduction
and the accuracy level, TOL = 0.025.

In Algorithm S the total amount of computational work is proportional to the
total number of time steps performed in all realizations. The latter is shown for
all the computations under the table entry > M N. Similarly, in Algorithm D we
show for each computation the table entry 15¢ > M N, which corresponds to the
total number of time steps in all realizations of the first loop that determines the
mesh, and 2"? Y M N, which corresponds to the total number of time steps in all
realizations of the second loop with fixed mesh. We make a distinction between
the amount of work in the first and the second loop since only the first entails
the computation of time discretization error approximations, and therefore the first
loop uses much more computational effort per time step.

For each computation with Algorithm D we show the final number of time steps,
N, as well as an estimate of the optimal number of time steps, N*, that would be
required to achieve the desired accuracy. The optimal number of time steps is
based on the approximate error density defined in (2.13) and (3.8), and it is given
by N* = ([ \/Ia(r)]dr)/TOLrr.

Similarly, for each of the computations with Algorithm S we show the sample
average of the final number of time steps, A(N; M) and its sample standard de-

2
viation, S(N; M). We use the estimate (A(fOT \/|p(T)|dT;M)) /TOLrr for the

optimal expected number of time steps that would be required to achieve the desired
accuracy, based on the approximate error density defined in (2.6) and (3.8).

Example 5.1.
Let us consider a real constant a € (0,7) and the linear stochastic differential
equation
X (t)dw (t), te€]0,q]
dX(t) =9 X(t)dt

(5.2) Py —

+X@AW (), te (a,T]
X(0) =1

with the unique solution
1
exp(W(t) — 575), te0,q]
X(t) = :
exp(W(t) — §t) exp(vVt —a), tE€[a,T].
Here we choose T = 1 and a@ = T/3. Our goal is to approximate E[X(T)] =

exp(v/T — a). To avoid evaluating arbitrarily large values of the drift in (5.2) we
modify the drift to be

0, t€]0,q]
a(t,z) = z

2Vt —a + TOLY

t € (a,T]
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yielding a higher order perturbation @(TOL?) in the computed result and in the
size of the optimal time steps. Due to the time discontinuity of the drift function
and to ensure optimal convergence of the adaptive algorithms, we modify the Euler
method by
Xonp1— X, = a(f, X,)At, + X, AW,,, n=0,...
where we choose the stochastic evaluation time # € {t,,t,1} by
la(f, X )| = max(la(tn, X)), [a(tnr1, Xn)])-

Observe that the use of  does not change the adapted nature of the Euler method.

We compare the results of Algorithm D and Algorithm S in Tables 1, 2, 3 and
4. First, Tables 1 and 2 show results from Algorithm D, the only difference being
the choice of the pseudo random number generator. Results in Table 1 use [23] and
those in Table 2 are based on the linear congruential random number generator
(5.1). As expected, the level of difference between these results is comparable to
the effect of taking different initial seeds in the computations.

Next, Tables 3 and 4 show results from Algorithm S. Table 3 shows results when
the time adaptivity procedure is started with the same mesh for each realization,
namely a uniform mesh with 20 time steps, whereas the results of Table 4 use that
the time adaptivity procedure is started with the optimal mesh from the previous
realization, yielding less computational work since the drift singularity occurs at
a deterministic time. Table 4 shows a situation where merging is needed, namely
when using the stochastic time stepping algorithm and the optimal mesh from the
previous realization as a starting guess for the next realization. In this case the
merging procedure avoids an excessive increment of the average number of time
steps.

In this example Algorithm D and Algorithm S select the final number of time
steps in a similar way, since there is no remarkable influence from the stochastic
term X (t)dW (t) in the dynamics of (5.2). Besides this, Figure 3 shows that both
Algorithm D and Algorithm S have a remarkable advantage over a computation
with uniform time steps which needs 1.7 x 10° time steps to achieve the given
level of accuracy TOL7r ~ 5.6 x 1073, compared to on average less than 600 final
adaptive steps. However, there is a noticeable difference in the total number of
operations in all levels, and the deterministic time stepping algorithm has a clear
advantage. Table 1 shows that variance reduction is useful in the second loop of
the deterministic time stepping algorithm where the statistical error to control has
an associated large variance. Finally, there is no significant difference between the
results with the merging procedure or without merging and in addition, the final
number of time steps is close to the estimated optimal number of time steps.

Algorithm D

Merge | Anti | M [ N 155y MN [2Y MN | N*

1 1 215 148 %102 0.6 x 105 | 48 x 10° 4.2 x 10?
1 0 217 152 %102 | 0.3 x 108 | 77 x 108 4.7 x 102
0 1 215 | 4.6 x 10% | 0.6 x 10® | 46 x 10° 4.4 x 102
0 0 217 1 5.0 x 102 | 0.3 x 108 | 74 x 108 4.4 x 102

TABLE 1. (Example 5.1) Numerical results using the Matlab 6
pseudo random number generator, see [23].
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Merge

Anti

M

N

1S MN

2" MN

N*

1
1
0
0

1
0
1

0

215
217
215
217

5.0 x 102
6.4 x 102
5.0 x 102
5.7 x 102

0.6 x 10°
0.35 x 108
0.6 x 106
0.35 x 108

50 x 109
95 x 109
50 x 108
85 x 109

4.1 x 102
5.8 x 102
4.9 x 10?
4.5 x 102

TABLE 2. (Example 5.1) Similar to Table 1, but using the lin-
ear congruential pseudo random number generator from (5.1) to
simulate the Wiener increments.

Algorithm S
AN; M) | S(N; M)
1 215122 x10% [ 4x 10 170 x 108
0 215123 %102 | 4x10 175 x 108
TABLE 3. (Example 5.1) For each realization the time adaptivity
procedure is started with the same uniform mesh that has 20 time
steps. This computation uses antithetic variates and the estimate
for the expected value of the optimal number of time steps is in
this case 2.1 x 102

Merge | M S>MN

Algorithm S
AN; M) | S(N; M) | S MN
5.8 x 10% | 1.5 x 102 | 56 x 10°
TABLE 4. (Example 5.1) For each realization the time adaptivity
procedure is started with the optimal mesh from the previous re-
alization. This computation uses both antithetic variates and the
merging procedure. The estimate for the expected value of the
optimal number of time steps is in this case 2.1 x 102.

M
215

Example 5.2.

Now we change (5.2) taking a no longer a constant but a uniformly distributed
random variable independent of the Wiener process, i.e. a ~ U(a,@) with a =
1/22 and @ = 1 — 1/22, for T = 1. The conditional expectation E[X(T)|a] =
exp(v/T — «) can be used to compute

/ " exp(VT— a)da,

1

a—a

E[X(T)]

which is now the functional to approximate. Since the position of the drift singu-
larity is stochastic, the deterministic time stepping Algorithm D gives the approx-
imation error O(,/Atsup), so that Np ~ TOL;Q; and Algorithm D behaves like
a uniform time stepping algorithm which needs 1.3 x 10° time steps to achieve the
given level of accuracy TOL77 ~ 5.6 x 1073, Thus, Algorithm S has a clear advan-
tage in this example, with asymptotic accuracy O(Atsup), so that E[Ng] ~ TOLZ;"
using on average less than 200 final time steps, as Table 5 and Figure 4 show.
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N =476, M = 32768

10° L L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

time

Ficure 2. (Example 5.1). Computation with variance reduction
and the merging procedure. Final mesh function for Algorithm D
and TOL = 0.025.

10°

107 o E

107 4

time discr. error

107 4

10’4 I I I I

10 10 10 10 10

Ficure 3. (Example 5.1). Computations with uniform time steps
and variance reduction. The computational order of convergence
for the time disctretization is 0.49 and the estimated number of
time steps to achieve the accuracy TOLrr ~ 5.6 x 10~3 becomes

1.7 x 10%. The computational time discretization error is given by
Alg(X(T)) — g(X(T));2"°).
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Algorithm S

Merge | M | A(N; M) | S(N; M) | S MN

1 2 [1.8x10% [ 5x10 | 140 x 10°
0 215 1 1.9x10% | 5x 10 146 x 106
TaBLE 5. (Example 5.2) Both computations use antithetic vari-
ates and in this case there is no significant advantage in using the
merging procedure. The estimate for the expected value of the
optimal number of time steps is in this case 1.7 x 102.

10

107 ° :

107 ]

time discr. error

10} E

10"

10 10 10 10 10

Ficure 4. (Example 5.2). Computations with uniform time steps
and variance reduction. The order of convergence for the time
disctretization is 0.49 and the estimated number of time steps to

achieve the accuracy TOLpr ~ 5.6 x 1073 becomes 1.3 x 10°. The
computational time discretization error is given by A(g(X(T)) —
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