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Abstract

This paper explores a new approach
to structure identi�cation of Takagi-
Sugeno-Kang (TSK) Fuzzy Models. We
employ Genetic Programming (GP) to
�nd an optimal partition of the in-
put space into Gaussian, axis-orthogonal
fuzzy sets. We compare the GP ap-
proach with a greedy partition algo-
rithm (LOLIMOT) for modeling an en-
gine characteristic map.
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1 Introduction

Data analysis and knowledge discovery grow in
importance as more data is gathered automati-
cally in industrial processes, commerce, medicine
and user behavior on the internet to mention only
a few areas. The accumulation of vast amounts
of data increases the need for tools to obtain a
model and to help a human to gain insight into
the underlying process. The term data mining for
this new �eld re
ects the potential value of infor-
mation that is somewhere hidden in the huge data
sets.

Fuzzy systems are particular intriguing for intel-
ligent data analysis, as there mode of approxi-
mate reasoning resembles the decision making em-
ployed by humans [1]. A fuzzy system is often de-
signed by interviewing an expert and formulating
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her implicit knowledge of the underlying process
into a set of linguistic variables and fuzzy rules.
An alternative is to extract the fuzzy rules from
data. Combining the learning capability of neu-
ral networks with the knowledge representation of
fuzzy logic results in neuro-fuzzy systems[3]

Evolutionary algorithms are optimization meth-
ods that imitate the processes that occur in natu-
ral evolution and genetics. They maintain a pop-
ulation of candidate solutions which evolves over
time by means of genetic operators such as muta-
tion, recombination and selection. The di�erent
approaches, genetic algorithms (GA), evolution
strategies (ES), evolutionary programming (EP)
and genetic programming (GP), are distinguished
by the genetic structures that undergo adaptation
and the genetic GP proposed by Koza [5] is con-
cerned with the automatic generation of computer
programs by means of simulated evolution. GP
has been applied to a remarkable variety of dif-
ferent domains, such as symbolic regression, elec-
tronic circuit design, data mining, biochemistry,
robot control, optimization, pattern recognition,
planning and evolving game-playing strategies.

Evolutionary algorithms can be used to tune or to
learn a fuzzy system either based on some perfor-
mance index or based on input-output pairs gen-
erated by the process to be modeled. This new
�eld of genetic-fuzzy systems continues to grow
in visibility. Previous approaches for the evolu-
tionary design of TSK-fuzzy systems employ a
two-stage algorithm, in the generation stage an
ES �nds good candidate rules, in the subsequent
re�nement stage a GA and another ES further op-
timize the rules in order to improve their overall
cooperation [2].



2 Takagi-Sugeno-Kang Fuzzy Models

A function ŷ = f(u1; u2; : : : ; un) shall be approx-
imated by a Takagi-Sugeno-Kang (TSK) fuzzy
model [9]. The network architecture of a TSK
fuzzy model is depicted in Fig. 1 where the rule
premise inputs z = [z1 z2 � � � znz]

T and the rule
consequent inputs x = [x1 x2 � � � xnx]

T are sub-
sets of the function inputs u = [u1 u2 � � � un]

T .
Each neuron i = 1; : : : ;M of the network in Fig. 1
realizes a fuzzy rule

Ri : IF z1 is Ai;1 AND : : : AND znz is Ai;nz

THEN y = wi;0 + wi;1x1 + � � � + wi;nxxnx (1)

where Ai;j is the jth fuzzy set de�ned on the uni-
verse of discourse of input i. Each neuron or rule
represents a local linear model (LLM) and an as-
sociated validity function that determines the re-
gion of validity of the LLM. The validity functions
form a partition of unity, i.e., they are normalized
such that

MX
i=1

�i(z) = 1 (2)

for any premise input z. The output of a TSK
fuzzy model is calculated as

ŷ =
MX
i=1

(wi;0 + wi;1x1 + : : :+ wi;nxxnx) �i(z)

(3)
where the local linear models depend on x and the
validity functions depend on z. Thus, the model
output is calculated as a weighted sum of the out-
puts of the local linear models where the �i(�) are
interpreted as operating point dependent weight-
ing factors. The model interpolates between dif-
ferent LLMs with the validity functions.

In the following, the validity functions shall be
chosen as normalized Gaussians. If these Gaus-
sians are furthermore axis-orthogonal (i.e., have
diagonal covariance matrices), the validity func-
tions become

�i(z) =
�i(z)

MP
j=1

�j(z)

(4)

with

�i(z) = exp
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Figure 1: Architecture of a TSK fuzzy model with M

neurons for nx LLM inputs x and nz validity function

inputs z.

Note that the model output is linear in the
weights wi;j but is nonlinear in the centers ci;l
and standard deviations �i;l.

3 Estimation of the Rule Consequent

Parameters

The rule consequent parameters are the weights
of the local linear models. Because the TSK fuzzy
model is linear in these parameters they can be
eÆciently estimated from data if the rule premises
are given. The three most common approaches
are

� Global least squares: This gives the best so-
lution in terms of the squared model out-
put error. The computational demand grows
cubicly with the number of parameters, i.e.,
with the number of rules M and the conse-
quent input space dimensionality nx. This is
the most common approach which is pursued
in ANFIS [3] and also in [4, 8, 9].

� Local weighted least squares: This neglects
the overlap between the validity functions
and estimates the parameters for each LLM
separately by a least squares technique with
the data weighted according to their valid-
ity. The computational demand grows only
linearly with the number of the number of
rules M and cubicly with the consequent in-
put space dimensionality nx. Thus, local es-
timation is much more eÆcient than global



estimation. Local estimation is applied in
[6, 7].

� Product space clustering: This is a popu-
lar approach for optimization of the rule
premise structure, see Section 4. However,
the Gustafson-Kessel algorithm commonly
used for product space clustering automat-
ically produces the rule consequent parame-
ters as a by-product. It can be shown that
this corresponds to a total least squares so-
lution if the clustering algorithm converges.

In this paper the local estimation approach is pur-
sued due to its advantages in terms of speed and
robustness against over-�tting. Instead of esti-
mating all M(nx+ 1) parameters simultaneously
as it is done in the global approach, M separate
local estimations are carried out for the nx + 1
parameters of each local linear model. The pa-
rameter vector for each of these i = 1; : : : ;M es-
timations is

wi = [wi;0 wi;1 � � � wi;nx]
T : (6)

The corresponding regression matrices are (N de-
notes the number of data samples)

Xi =

2
66664
1 x1(1) x2(1) � � � xnx(1)
1 x1(2) x2(2) � � � xnx(2)
...

...
...

...
1 x1(N) x2(N) � � � xnx(N)

3
77775 :

(7)

Note that the regression matrices of all lo-
cal linear models i = 1; : : : ;M are identical
since the elements of Xi do not depend on i.
A local linear model with the output (ŷ

i
=

[ŷi(1) ŷi(2) � � � ŷi(N)]T )

ŷ
i
= X iwi (8)

is valid only in the region where the associated
validity function �i(�) is close to one. This will
be the case close to the center of �i(�). Data
in this region is highly relevant for the estima-
tion of wi. As the validity function decreases the
data becomes less relevant for the estimation of
wi and more relevant for the estimation of the
neighboring models. Consequently, it is straight-
forward to apply a weighted least squares opti-
mization where the weighting factors are given by

the validity function values, i.e.,

Ii =
NX
j=1

�i(z(j)) e
2(j) �! min

w
i

(9)

where e(j) = y(j) � ŷ(j) represent the model
errors for data sample. For the extreme case
�i;l ! 0, �i(z(j)) is either equal to 0 or 1, that
is, only a subset of the data is used for the esti-
mation of wi. For �i;l > 0 all data samples are
exploited for estimation but those whose validity
value is close to 0 are virtually ignored.

4 Optimization of the Rule Premise

Structure

The identi�cation of the validity function param-
eters is a nonlinear optimization problem. The
following strategies are commonly used for deter-
mination of these parameters.

� Grid partitioning: The number of input
membership functions per input is either cho-
sen by prior knowledge or determined by
structure search [8, 9]. Grid partitioning
severely su�ers from the curse of dimension-
ality.

� Nonlinear local optimization: Originally, the
input membership functions and the rule con-
sequent parameters have been optimized si-
multaneously. The current state-of-the-art
method, however, is to optimize the rule
premise parameters by nonlinear local op-
timization and the rule consequent param-
eters by global least squares in a staggered
approach as in ANFIS [3]. This is compu-
tationally expensive but typically yields very
accurate results.

� Product space clustering: One of the most
popular approaches applies the Gustafson-
Kessel clustering algorithm to �nd hyper-
planes in the product space, i.e., the space
spanned by [u1 u2 � � � un y]. Although
product space clustering is a widely applied
method it su�ers from a variety of drawbacks:
(i) The computational e�ort grows strongly
with the dimensionality of the problem. (ii)
The number of clusters (i.e., rules) has to



be �xed a priori. (iii) For an appropriate
model interpretation in terms of fuzzy logic
the multivariate fuzzy sets must be projected
with accuracy losses onto univariate member-
ship functions. (iv) The rule premises and
consequents must depend on the same vari-
ables, i.e., z = x. This is a severe restric-
tion that prevents many advanced concepts
such as premise or consequent structure op-
timization or some simple ways to incorpo-
rate prior knowledge. (v) The local models
are restricted to be linear.

� Heuristic construction algorithms: Probably
the most widely applied class of algorithms
increases the complexity of the local linear
neuro-fuzzy model during training. They
start with a coarse partitioning of the in-
put space (typically with a single rule, i.e., a
global linear model) and re�ne the model by
increasing the resolution of the input space
partitioning [4, 6, 7].

In the following, one algorithm based on a heuris-
tic axis-orthogonal input space partitioning is dis-
cussed. Then, a new genetic programming ap-
proach for exactly the same task is proposed. The
comparison between both approaches allows to as-
sess how much accuracy must be sacri�ced by ap-
plying the simple heuristic.

4.1 Local Linear Model Tree

(LOLIMOT) Algorithm

LOLIMOT is an incremental tree-construction al-
gorithm that partitions the input space by axis-
orthogonal splits. In each iteration a new rule or
local linear model (LLM) is added to the model.
Thus, LOLIMOT belongs to the class of incre-
mental or growing algorithms. It implements a
heuristic search for the rule premise structure and
avoids a time-consuming nonlinear optimization.
In each iteration of the algorithm the validity
functions which correspond to the actual parti-
tioning of the input space are computed and the
corresponding rule consequents are optimized by
the local weighted least squares technique as de-
scribed in Section 3. The only "�ddle" parameter
which has to be speci�ed a priori by the user is
a proportionality factor � for the standard devi-

ations.

The LOLIMOT algorithm consists of an outer
loop in which the rule premise structure is deter-
mined and a nested inner loop in which the rule
consequent parameters are optimized by local es-
timation.

1. Start with an initial model: Construct the
validity functions for the initial input space
partitioning and estimate the LLM parame-
ters by the local weighted least squares algo-
rithm. Set M to the initial number of LLMs.
If no input space partitioning is available a
priori then set M = 1 and start with a single
LLM which in fact is a global linear model
since its validity function covers the whole
input space with �1(z) = 1.

2. Find worst LLM: Calculate a local loss func-
tion for each of the i = 1; : : : ;M LLMs.
The local loss functions can be computed by
weighting the squared model errors with the
degree of validity of the corresponding local
model according to (9) Find the worst per-
forming LLM, that is, max

i
(Ii), and denote b

as the index of this worst LLM.

3. Check all divisions: The LLM b is considered
for further re�nement. The hyper-rectangle
of this LLM is split into two halves with
an axis-orthogonal split. Divisions in all di-
mension are tried. For each division dim =
1; : : : ; nz the following steps are carried out.

(a) Construction of the multi-dimensional
membership functions for both hyper-
rectangles.

(b) Construction of all validity functions.

(c) Local estimation of the rule consequent
parameters for both newly generated
LLMs.

(d) Calculation of the loss function for the
current overall model.

4. Find best division: The best of the nz alter-
natives checked in Step 3 is selected. The
validity functions constructed in Step 3a and
the LLMs optimized in Step 3c are adopted
for the model. The number of LLMs is incre-
mented M !M + 1.



Figure 2: Operation of the LOLIMOT structure
search algorithm in the �rst four iterations for a
two-dimensional input space (nz = 2).

5. Test for convergence: If the termination cri-
terion is met then stop, else go to Step 2.

Figure 2 illustrates the operation of the
LOLIMOT algorithm in the �rst four itera-
tions for a two-dimensional input space and
clari�es the reason for the term "tree" in the
acronym LOLIMOT. Especially two features
make LOLIMOT extremely fast. First, at each
iteration not all possible LLMs are considered for
division. Rather, Step 2 selects only the worst
LLM whose division most likely yields the high-
est performance gain. For example, in iteration 3
in Fig. 2 only LLM 3-2 is considered for further re-
�nement. All other LLMs are kept �xed. Second,
in Step 3c the local estimation approach allows to
estimate only the parameters of those two LLMs
which are newly generated by the division. For
example, when in iteration 3 in Fig. 2 the LLM 3-
2 is divided into LLM 4-2 and 4-3 the LLMs 3-1
and 3-3 can be directly passed to the LLMs 4-1
and 4-3 in the next iteration without any estima-
tion.

It is important to understand that LOLIMOT is
a greedy strategy or only one-step ahead optimal,
that is, it maximizes in each iteration the per-
formance gain in the next iteration. The genetic
programming approach proposed next does not
su�er from this sub-optimality.

4.2 Local Linear Model Tree with

Genetic Programming

Genetic Programming (GP) is concerned with the
automatic generation of computer programs. Pro-
posed in the early 90's by John Koza this new
�eld has rapidly grown in visibility as a promising
approach to adapt programs to particular tasks
by means of arti�cial evolution [5]. GP improves
a population of computer programs by evaluating
their performance against a set of training cases.
GP has been applied to a remarkable variety of
di�erent domains, such as symbolic regression,
electronic circuit design, data mining, biochem-
istry, robot control, pattern recognition, planning
and evolving game-playing strategies.

Most GP systems employ a tree structure to rep-
resent the program which computes a function or
executes an algorithm. The trees in GP are com-
posed of primitives taken from the sets of function
and terminal symbols. Terminal symbols refer to
nodes at the leaves of the tree and either provide
a value, such as a constant or a reference to an
input variable or correspond to a primitive action
such as a simple robot motion command. Func-
tion symbols correspond to non-leaf nodes in the
tree and compute or process an argument passed
from its children nodes. Commonly used func-
tions are arithmetic and logic operators, condi-
tional statements and loop statements. Depend-
ing on the type of operation, unary, binary or n-
ary, function nodes contain as many child nodes
as arguments to the function.

The upper right corner of Figure 3 shows an ex-
ample of a parse tree (parentB), with a termi-
nal set T = fx1; x2g referring to input variables
x1; x2 and a function set F = f+;�; �; =g with the
standard arithmetic operators. The tree is parsed
from left to right in a depth �rst order resulting
in the expression +(x1(�(x1(�x2x1)))) in pre�x
notation.



parent A parent B

offspring A offspring B

−

−

+

*

*
*

*
*

*

+

X1

SQRT

SQRT

X

1X

1X

1X

X1

X

1

1

2
X

X
X

X

X

X1

2

2

2

2

2

X

Figure 3: Tree-based crossover.

The �rst generation of programs is seeded with
a variety of tree structures. A program tree is
generated at random by selecting a symbol from
the function and the terminal set for each node.

Selection focuses the search to those regions in
which good solutions already emerged. Individ-
uals with large �tness get a better chance to re-
produce o�spring to the next generation. In this
paper we apply tournament selection, in which
the �tness of an individual is compared with a
group of K other randomly selected competitors.
From these candidates only the best chromosome
is selected for reproduction, whereas the others
are discarded.

Tree-based crossover swaps a subtree of one par-
ent with a subtree of the other as shown in Fig. 3.
First, crossover selects a random subtree in each
parent denoted by the dashed rectangle. Subse-
quently, the subtrees are cut o� and swapped be-
tween the parents resulting in two new o�spring.
In self-crossover subtrees are exchanged within a
single individual.

The mutation operator in tree-based GP replaces
an existing subtree with a newly generated ran-
dom subtree. Point mutation exchanges a single
either function or terminal node against a random
node of the same type, for example the arithmetic
function + is replaced by �. Other GP muta-
tion operators substitute terminals for subtrees,
or vice versa subtrees for terminals.

Using a GP to partition the input space into clus-
ters slightly di�ers from the conventional mode of

F2

L

z1

z2

F1 F2

LL LF2

L

Figure 4: GP tree and corresponding partition of
input space. Solid lines denote clusters belonging
to leaf nodes.

computation. Instead of an algorithm or a func-
tion, each tree represents a possible distribution
of cluster centers and widths. A node k from
the function set F = fFig; i 2 1 : : : n, where n
is the dimension of the input space, corresponds
to a Gaussian fuzzy set with center ck and stan-
dard deviations �k. The node function Fk de-
notes the dimension along which the fuzzy set is
divided. The terminal set T = fLg only contains
one generic terminal symbol to close the branch
with a leaf. Figure 4 shows a possible tree and
its correspondence to the resulting partition of
the two-dimensional input space. Without loss of
generality we restrict the discussion to the two-
dimensional case for sake of better illustration.
Instead of considering the standard deviations �i,
we focus our discussion on the widths Æi of the
hyper-rectangle which are related �i = � � Æi by a
single proportionality factor �.

The partition scheme starts with the root node,
which describes a single cluster in the center of the
input space marked by a dashed ellipsoid. Sim-
ilar to Step 3 of the LOLIMOT algorithm, this
cluster, or hyper-rectangle, is split into two hyper-
rectangles along the dimension z2 speci�ed by the
function symbol F2 at the root node.

The partition process propagates through all child
nodes which are function nodes until it encoun-
ters a leaf with the unique terminal symbol L.
The leftmost left node, corresponds to the small
lower left cluster. The center ci and width Æi
of the leaf node are added to the list of Gaus-
sian cluster which de�ne the next validity func-



tion �l(�). Notice, that only leaf nodes contribute
clusters (solid ellipsoids in Fig. 4), whereas inner
tree nodes merely form the skeleton (dashed el-
lipsoids) of the input space partition. Once the
GP determined the cluster centers and standard
deviations, the weighted local least squares algo-
rithm computes the optimal linear parameters in
the TSK rule conclusion as described earlier in
Section 3 and their normalized root mean square
error (NRMSE) between the data and the model
output. Obviously, the error becomes smaller as
the number of clusters, and thereby the number of
rules employed by the fuzzy system, increases. A
neuro-fuzzy system with a large number of local
models is more diÆcult to understand and com-
putationally less tractable than a more compre-
hensive one with a fewer number of rules. This
trade-o� between model accuracy and complexity
is taken into account by adding a penalty term
for the number of local models #M to the �tness
function. The overall �tness becomes

F =
1

NRMSE + p#M
: (10)

The factor p de�nes the penalty per cluster rel-
ative to the size of the error. A small value of
p results in a better approximation with the cost
of an increased number of rules. The GP runs
for 30 generations, the population size is 50, the
algorithm employs tournament selection with a
tournament size of 10 competitors to determine
the parents.

5 Results and Comparison

In this section we compare the LOLIMOT greedy
algorithm with the GP for modeling an engine
characteristic map. The inputs are the engine
speed in rpm and the injection mass in mg. The
map output is the engine torque in Nm. The
training data consists of 433 input-output pairs.
We ran both algorithms for three di�erent val-
ues of p = f0:01; 0:05; 0:003g. Table 1 shows the
results for both approaches. For a medium and
large penalty GP is able to �nd a slightly better
solution than LOLIMOT. The best GP tree for a
large cluster penalty p = 0:01,

(F2 (F2 (F2 L L)(F2 L L ))(F2 L L )) (11)

method #M penalty/mod. error �tness

GP 6 0.01 0.1259 5.380
10 0.005 0.0942 6.934
13 0.003 0.0801 8.392

LOLI- 6 0.01 0.1260 5.388
MOT 10 0.005 0.0962 6.841

15 0.005 0.0694 6.927
15 0.003 0.0694 8.744

Table 1: Comparison between GP and LOLIMOT

partitions the input space along the second vari-
able injection mass into six local models.

For p = 0:005 the GP found a better solution

(F2 (F2 (F2 (F1 L L )(F1 L L ))

(F2 (F2 L L )(F1 L L )))(F2 L L )) (12)

with 10 local models, compared to the best
LOLIMOT solution with 15 models. The
LOLIMOT solution with 10 clusters is suboptimal
with a larger error than the GP model of the same
size. Figure 5 shows the resulting partitions for
the best GP solution (left), the best LOLIMOT
solution (left) with, and the LOLIMOT solution
for ten models (right). For a small penalty term
p = 0:003 LOLIMOT clearly outperformed the
GP algorithm. As the number of local models in-
creases the search space becomes larger and GP
is not able to �nd an optimal solution reliably.
LOLIMOT o�ers the advantage that a previous
suboptimal split can be be corrected in subse-
quent splits and therefore does not substantially
degrade the overall performance of the algorithm.
Figure 6 shows the resulting engine map for the
best GP solution (left) and the best LOLIMOT
fuzzy system.

6 Conclusions and Future Work

In this paper we presented a new approach to
structure optimization of TSK fuzzy systems. For
fuzzy systems with a few number of models the
GP was able to �nd slightly better partitions than
the greedy LOLIMOT algorithm. On the other
hand, GP is less robust than LOLIMOT in the
sense that it does not consistently �nds good solu-
tions, especially as the number of rules increases.
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Figure 5: Left: best partition obtained by GP,
center: best partition obtained by LOLIMOT,
right: partition with ten clusters obtained by
LOLIMOT
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Figure 6: Left: engine map obtained by GP, right:
engine map obtained by LOLIMOT for p = 0:005

GP requires a substantially larger amount of com-
putation compared to the sequential LOLIMOT
algorithm. This computational burden can only
be justi�ed in applications for which small im-
provements of accuracy carry a large bene�t.

In the future we plan to extend the GP algorithm
in a way that results in more general partitions.
Instead of a split that cuts the current cluster into
equally sized halves, one can imagine cuts that re-
sult in hyper-rectangles of unequal size. In that
case, each function node will carry an additional
real valued parameter that determines the ratio
between the size of the left and right part. In
addition one can allow non-axis-orthogonal parti-
tions. We will also investigate genetic operators

that take the local model error into account and
thereby become more speci�c to the task of struc-
ture optimization.
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