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Abstract

In this paper, a recursive smoothing spline approach for contour reconstruction is
studied and evaluated. Periodic smoothing splines are used by a robot to approx-
imate the contour of encountered obstacles in the environment. The splines are
generated through minimizing a cost function subject to constraints imposed by a
linear control system and accuracy is impr oved iteratively using a recursive spline
algorithm. The �ltering effect of the smoothing splines allows for usage of noisy
sensor data and the method is robust to odometry drift. The algorithm is exten-
sively evaluated in simulations for various contours and in experiments using a
SICK laser scannermounted on a PowerBot from ActivMedia Robotics.

Keywords: mapping, optimal control, recursive smoothing splines,
implementation

1 Introduction

Today robots are expected to operate in at least partially unknown, open-
ended environments, detecting and moving around obstacles,building maps
of the environment and localizing their position. The area of autonomous
mapping hasduring the past few yearsmatured and therehasbeena signif-
icant amount of work reported using both visual and laser sensors,[5,21].
However, most methods arestill concernedwith detecting and maintaining
a densesetof discrete featuresof the environment that are suitable for nav-
igation and localization without retrieving any speci�c knowledge about
the detailed shapeof the encountered objects.
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In this paper, we consider the problem of estimating representations of
objects using a type of continuous closed curves, the recursive periodic
smoothing splines. The splines are retrieved from noisy measurements of
the true contour. Intended applications include mapping, identi�cation and
path planning. It is well known that interpolating splines from noisy mea-
surement data will give a poor result, asthe resulting curve will go through
every measurement point. Data smoothing has beena classicalproblem in
system and control history [1], [9], [14]. The theory of regular smoothing
splines is thoroughly treated in [24] and [25]. It has been further shown
in [3] that control theoretic smoothing splines, where the curve is found
through minimizing a cost function, act as a �lter and are better suited for
noisy measurements. It is also noted in [22] that smoothing splines are in
somesenseband limited sothat small changesin onedata point will mainly
affect the spline in a neighborhood of that point.

In the work presented here, periodic smoothing splines are derived from
noisy data by solving an optimal control problem for a linear system. We
discuss two approachesto curve estimation using smoothing splines, one
closed form and one recursive method. The idea of the latter is to use sev-
eral data setstaken from the samecontinuous feature and compute splines
iteratively to re�ne the estimate stepwise.

This paper is organized as follows. In Section 2 we acknowledge related
work in the �eld and point out new contributions of this paper. The con-
tour estimation problem is formulated in Section 3, and in Section 4 we
derive a discretized version of the optimization problem, suitable for im-
plementation. Finally simulations and experimental results are presented
for a few test objectsin Section5 and conclusions are drawn in Section6.

2 Related Work and Contributions

The application of smoothing splines for path planning and contour syn-
thesis has been investigated in for instance [6], [7] and [10]. [23] and [26]
investigate methods of determining the appropriate level of smoothing by
analyzing properties of the input data. LQ problems with various types
of boundary conditions are studied in [18] and [4] but to the extent of our
knowledge, little work has been done on the type of periodic boundary
conditions studied in this paper.

Adaptive splines, or snakes[20], and bicubic B-splines [17] have beenused
in contour matching and surface representation schemesin the vision �eld.
However, thesealgorithms �t splines to segmentsof the investigated curve
or surface and subsequently patch the splines together. The control theo-



retic periodic splines presentedin this paper approximate the entirecontour
of an object while maintaining the desirable property that local changesin
input data leads only to local changesin the output spline.

While we have previously modeled and evaluated the algorithms in sim-
ulation for reconstruction of analytic curves, [12], in this paper we use a
real robot platform equipped with SICK laser sensorsand investigate ar-
bitrary closed curves. [19] contains some of the results of this paper in an
abbreviated form. The main contributions of this paper is the derivation
of an implementable discreteversion of the smoothing spline problem both
for the closed form and the recursive approach, a contour reconstruction
algorithm including both forms, and a series of experiments that validate
convergenceof the recursive approachand the applicability of the methods
in practice. For an extensive theoretical background on the type of smooth-
ing splines studied in this paper we refer to [11], [15], [16] and [13] and the
referencestherein.

3 Problem formulation and motivation

We consider a mobile agent placed in a planar environment and equipped
with range sensorsand encoders.The task is to construct 2D-representations
of encountered objects in the environment, by means of approximating
their contour from noisy sensordata. In this framework, polar coordinates
are used for contour reconstruction, thus the only requirement on the ob-
jects is that the contours y(t) are well de�ned in polar coordinates, that is
t1 6= t2 ) y(t1) 6= y(t2); 8 t 2 [0;2p]. Suchcontours are called star-shaped
or star-convex [27] and are formally de�ned by

De�nition 1 A set X is star-shaped if 9 tc 2 X such that 8 t 2 X the line
t � tc 2 X. A curvey(t) is star-shapedif its interior X is star-shaped.

Our problem can be formulated asfollows.

WearegivenadatasetD = f (ti ;zi) : i = 1; :::;Ng, wheret1 = 0rad; : : : ; tN = T = 2p rad
is thepolar coordinate angleandzi is the radius in polarcoordinates.Thedata
in D arenoisecontaminatedmeasurementszi = y(ti) + xi; xi 2 N(0;s 2), froma
closedcontinuouscurve. How to �nd thecurvey(t) that bestrepresentsthedata
in somesense?

The solution is found by solving the following polar second derivative L2
smoothing problem:



Problem 3.1

min
u;x0

J =
1
2

xT
0 P� 1

0 x0 +
1
2

Z T

0
u(t)TQ� 1u(t)dt+

N

å
i= 1

(ti � ti� 1)(zi � Cx(ti))TR� 1
0 (zi � Cx(ti)) (1)

�x = Ax+ Bu

x0 = x(0) = x(T):
(2)

The constraints (2) consist of an n-dimensional ODE with relative degreen
and periodic boundary condition. The resulting smoothing spline is given
by y(t) = Cx(t). We refer to the system

�x = Ax+ Bu

y = Cx
(3)

as the spline generator of (1). Thus the sought curve y is the output of an

n-tuple integrator with state variable x controlled by an input u = xn = x(n)
1 ,

the n:th derivative of x1. The dimension of the spline generator determines
on which derivative to impose the smoothing penalty. As the magnitude of
the secondderivative of x(t) is proportional to the curvatur e of x(t), n = 2 is
a natural choice. Therefore the matrices used in our setup are

A =

2

4
0 1

0 0

3

5 ; B =

2

4
0

1

3

5 ; P� 1
0 =

2

4
d1 0

0 d2

3

5 ;

C =
h

1 0
i

; Q = 1; R0 = 1=e2:

(4)

Let us have a closer look at the �nal two terms of the cost function (1).
The integral imposes a penalty on large magnitude of the input u(t), corre-
sponding to the curvatur e of the curve y(t) = Cx(t) = x1(t). The sum pun-
ishes large deviations of the curve y(t) from the data (ti ;zi). In other wor ds,
the solution of Problem 3.1 is in some sensethe optimal compromise be-
tween smoothnessof the output curve and faithfulness to the data set. The
magnitude of e > 0 determines how much credibility is given to measure-
ment data. A large value brings the spline close to the data points while a
small value yields a smoother spline and thus more �ltering.

As the data is noise contaminated, the spline from one data set D is a raw
result, especially if the data is sparse. Therefore we intr oduce a recursive



smoothing spline method, where the optimal solution (xk� 1(t);uk� 1(t)) from
the previous iteration is used in iteration k together with the new data zk

i .

Problem 3.2

min
uk;xk

0

Jk =
1
2

(xk
0 � xk� 1

0 )TP� 1
0 (xk

0 � xk� 1
0 )+

1
2

Z T

0
(uk(t) � uk� 1(t))TQ� 1(uk(t) � uk� 1(t))dt+

N

å
i= 1

(ti � ti� 1)(zk
i � Cxk(ti))TR� 1

k (zk
i � Cxk(ti)) (5)

�xk = Axk + Buk

xk
0 = xk(0) = xk(T):

(6)

Here, Rk = 1=ek which can be chosenas a constant parameter or as a func-
tion of k with ek+ 1 < ek for increasedconvergenceperformance. Using a re-
cursive method has the advantage of getting a better spline approximation
with each iteration, impr oving the map stepwise so that the previous map
can be used for path planning in the next iteration. Such a path planning
algorithm that essentially usesthe servoed contour and displaces it orthog-
onally towards the servoing agent is described in [29]. Localization may
also be impr oved by fusing for instance odometry data with knowledge of
approximate position of various features of the contour. Also, if for some
reasonnew data is obtained only for one part of the curve, we can modify
that part of the spline separately by performing the next recursion using
new data for that part of the curve and old data for the rest. Problem 3.1 is
a continuous time problem with discrete data and periodic boundary con-
ditions. Such problems, without the periodic constraint, have been widely
studied in the literatur e. Seefor instance [9], [1] and [14]. A thorough treat-
ment of the theoretical properties of periodic smoothing spline problems
canbe found in [12] and [11]. The derivation of boundary conditions for the
Riccati equations of the periodic casefollows the forwar d sweep method
as outlined in [9] and [1] and utilizes the term 1

2xT
0 P� 1

0 x0. As is discussed
in [11], including this term simpli�es the solution of the problem. For prac-
tical purposes and the implementation discussed in the next section this
term is however unnecessaryand may be omitted. A proof of convergence
is offered in [12] for Problem 3.1.

Due to its recursive nature, the Riccati equations for Problem 3.2 become
rather complex and convergence has, to the extent of our knowledge, yet
to be shown analytically . Simulation results in [12] do however suggest
convergenceas 1=

p
k. In this paper the algorithm is evaluated on real ex-



perimental data from test runs with a PowerBot from ActivMedia Robotics,
using a SICK laser scanner.

4 Implementation

In this sectionwe derive a discretized version of the smoothing spline prob-
lem. We show that using a proper choice of approximation formulas both
Problem 3.1 and Problem 3.2 are reduced to unconstrained quadratic pro-
gramming problems (QP), suitable for implementation. We further show
that by choosing the input cleverly to Problem 3.2 the QP's are identical.
With this particular choice of discretization the periodic boundary condi-
tion is embedded in the QP, facilitating the analysis of convexity and solv-
ability for the problem. In the last part of this section we state and prove
that the QPis convex and therefore always hasa unique solution. For a po-
lar coordinate spline r(q), the interpr etation of the state variables and data
points is as follows:

x1(t) = y(t) = r(q);

x2(t) = �x1(t) = r0(q);

�x2(t) = r00(q) = u(q);

zi = radius of measurement point ;

ti = angle of measurement point ;

T = 2p;

wi = ti � ti� 1:

In Figure 1 the notation is shown together with two splines drawn for the
same data set but with dif ferent weights e. Expressing Problem 3.1 using
the polar notation and the matrices de�ned in Equation (4) yields

min
r

J(r) = d2
1 r(0)2 + d2

2 r0(0)2 +
Z 2p

0
r00(q)2dq + e2

N

å
i= 1

wi(r(ti) � zi)2 (7)

r(0) = r(2p)

r0(0) = r0(2p):
(8)

Note that Equations (7)and (8) together constitute aminimization over only
one variable, r, with the dynamic constraints of Equation (3) built in.



Fig. 1. Notation for the smoothing spline problem in polar coordinates.

4.1 Discretization

Let the vector r̂ = f r̂mg be the discretization of the wanted curve r(q), and
let q̂ = f q̂mg be the corresponding discretization of q. Here m = 1; :::;M
and we de�ne the sampling rate h so that (M + 1)h = 2p. We emphasize
that (r̂m; q̂m) are equidistant samplings from the spline (r;q) while (ti ;zi),
i = 1; : : : ;N arenoisy measurement data from the true curve. Note that when
the continuous function r(q) is expressedin discretized form as a vector
pair (q̂; r̂), the periodicity constraint translates to (q̂1; r̂1) = (q̂M+ 1; r̂M+ 1),
where M + 1 indicates the point after the last point of the vector. All terms
of J(r) can be approximately expressedas functions of r̂, using numerical
dif ferentiation formulas:

r̂0
m = (1=2h)(r̂m� 1 � r̂m+ 1)

r̂00
m = (1=h2)(r̂m� 1 � 2r̂m+ r̂m+ 1):

(9)



Construct the matrix F :

F m;m� 1 = F m;m+ 1 = 1

F 1;M = F M;1 = 1

F m;m = � 2

F j ;l = 0 else:

(10)

Then r̂00= 1
h2F r̂. Note that the periodicity of r(q) is implicitly expressedin

F through Equation (10). The discretization of the integral is

Z 2p

0
r00(q)2dq �

1
h3 r̂TF TF r̂: (11)

For the term d2
2 r0(0)2 we construct a vector q:

qm =

8
<

:
1 if m= 2 or m= M

0 else:
(12)

) d2
2 r0(0)2 � (d2

2 =2h)r̂TqqT r̂ : (13)

For d2
1 r(0)2 we intr oduce the vector p:

pm =

8
<

:
1 if m= 1

0 else:
(14)

) d2
1 r(0)2 � d2

1 r̂T ppT r̂ : (15)

The last term of (8), the sum, involves measurement data (ti ;zi) and the
wanted spline r(q) evaluated at the measured anglesti :

e2
N

å
i= 1

wi(r(ti) � zi)2 = e2
N

å
i= 1

wir(ti)2 + e2
N

å
i= 1

wiz2
i � e2

N

å
i= 1

2wir(ti)zi : (16)

Sincewe are minimizing over r we need not consider the constant second
term of (16). For the �rst term we construct the M � M matrix W:

Wm;m =

8
<

:
wi if q̂m = ti for some i

0 else

Wj ;l = 0 for j 6= l :

(17)



Similarly , for the last term we construct the M-vector s:

sm =

8
<

:
wizi if q̂m = ti for some i

0 else:
(18)

We get

e2
N

å
i= 1

wi(r(ti) � zi)2 � e2r̂TWr̂ + e2
N

å
i= 1

wiz2
i � 2e2sT r̂ : (19)

All in all, the discretized problem is

min
r̂

J(r̂) = 1
2 r̂THr̂ + cT r̂ (20)

with H = 1
h3F TF +

�
d2
2h

� 2
qqT + d2

1 ppT + e2W

c = � e2s:
(21)

H 2 RM� M is a pentadiagonal matrix with additional non-zero elements
H1;M� 1;H1;M;H2;M;HM� 1;1;HM;1;HM;2.

4.2 RecursiveVersion

The polar coordinate formulation of Problem 3.2is simpli�ed by de�ning

z̃k
i = zk

i � rk� 1(tk
i )

r̃k(q) = rk(q) � rk� 1(q);
(22)

where (tk
i ;zk

i ; ) are the data points from iteration k, rk� 1(tk
i ) is the resulting

spline of iteration k� 1evaluated at the angle measurementsof the new data
set and rk(q) is the spline output of iteration k. Then Problem 3.2becomes

min
r̃k

J(r̃k) = d2
1 r̃k(0)2 + d2

2 r̃k0(0)2 +
Z 2p

0
r̃k00(q)2dq + e2

k

N

å
i= 1

wi(r̃k(tk
i ) � z̃k

i )
2 (23)

r̃k(0) = r̃k(2p)

r̃k0(0) = r̃k0(2p);
(24)

and the spline found in iteration k is

rk(q) = r̃k + rk� 1(q): (25)

Note that Equations (23) and (24) are identical to Equations (7) and (8) ex-
cept for the new variable names r̃k and z̃k. Hence the discretization and



solution methods for Problem 3.1and Problem 3.2are identical except that
the input to the latter is z̃k at iteration k. To summarize, the recursive algo-
rithm, after an initialization step, is carried out in threesteps:

Algorithm 4.1The recursive smoothing spline algorithm

(0) Initialization. For k = 0, input the �rst data set (t0
i ;z0

i ) into Problem 3.1
and compute the �rst spline r0(q).

(1) Put k = k+ 1, construct (ti ; z̃k
i ) from the data set (tk

i ;zk
i ; ) and the spline

rk� 1(q).
(2) Input (ti ; z̃k

i ) into Problem 3.2and compute the spline r̃k(q).
(3) Construct the spline rk(q) = r̃k + rk� 1(q). Go to (1).

4.3 Convexityof theQP

We conclude this section by proving that the QP (20) always has a solution
and that the solution is unique.

Proposition1

Assume that Wmm6= 0 for at least one value of m2 [1;M] (this is equivalent
to having a non-empty data set). Then Equation (20)hasa unique solution.

Proof

Equation (20) is a quadratic unconstrained minimization problem. It is well
known that if H is positive semi de�nite and there exists an r̂ � that solves

Hr̂ + c = 0; (26)

then r̂ � is optimal. Further, if H is positive de�nite the QP is strictly convex
and has a unique solution r̂ � . For our particular matrices F , qqT , ppT and
W we de�ne

H1 =
1
h3F TF +

�
d2

2h

� 2

qqT + d2
1 ppT (27)

sothat H = H1+ e2W. The matrix 1
h3F TF is by construction asymmetric pos-

itive semide�nite matrix, but not positive de�nite since rank(F ) = M � 1.

Likewise,
�

d2
2h

� 2
qqT and d2

1 ppT are positive semide�nite by construction

and both of rank 1 if d1;2 6= 0 respectively and rank 0 otherwise. Therefore
the worst casescenariowould be that H1 is of rank M � 1 and thereby posi-
tive semide�nite. Supposethis is the case,then any M � 1 columns of H1 are
linearly independent. Thus if Wmm > 0 in W (we note that W is diagonal),



then the mth column of ((H
1
2
1 )T W

1
2 )T is linearly independent from the other

columns, which implies that ((H
1
2
1 )T W

1
2 )T has full column rank. Now note

that

H = 2
�
(H

1
2
1 )T e2W

1
2

�
2

4 H
1
2
1

e2W
1
2

3

5 : (28)

It follows that H is nonsingular and thereby positive de�nite. Hence the
minimization problem (20)has a unique solution. �

5 Experimental Evaluation

In this section we presentresults for simulated and real data using a mobile
agent with range sensors.

5.1 Experimentalsetup

We use the PowerBot from ActivMedia Robotics. It has unicycle dynamics
and uses odometry data for localization. The robot is provided with two
SICK laser scannersmounted one in front and one on the left side of the
chassisasshown in Figure2. The scannersgive range measurementson the
interval [� p=2;p=2] rad from the centerof the scannerand with a resolution
of 0:5o, or 361measurements eachtime step.

5.2 Convertingmeasurementsto datapoints

In this section we describe the steps taken to convert measurement data
to suitable input to Algorithm 4.1. Using odometry for localization and
SICK range sensorsfor distance measurements, the gathered data at each
time step consists of the robot position (x;y; f ) and the distances S(v) to
the measured object from the angles v of the SICK sensors. The input to
Algorithm 4.1should consist of polar coordinate data (t;z) representing the
contour of the object.

The robot position (x;y) is de�ned as the center point on the major wheel
axis and its heading f is the deviation from the x-axis which is de�ned
as the heading of the robot at its starting position (0;0). The sensorsare
located at distances L1 and L2 from (x;y) as shown in Figure 3. For the
sensorlocated in the front, a point (xw,yw) on the target object is obtained as



Fig. 2. The PowerBot platform equipped with two SICK sensors.

Fig. 3. Notation of anglesand distancesfor the PowerBot.

follows:

xw = x+ L1cosf + Sj cos(f + v j )

yw = y+ L1sinf + Sj sin(f + v j );
(29)



and using the side sensorwe get

xw = x� L2sinf � Si sin(f + vi)

yw = y+ L2cosf + Si cos(f + vi):
(30)

Here vi; j 2 [� p=2;p=2] is the angle of the sensor ray and Si; j is the range
measurement associatedwith it, asseenin Figure 3.

Conversion to suitable input (ti ;zi); i = 1; : : : ;N is performed according to
the following scheme:

(1) The origin of the polar coordinate systemis chosento coincide with the
masscenter of the cartesiandata (xw;yw). As the SICK sensorsproduce
densedata setsand under the assumption of a star-shapedcontour, the
masscenter is a natural estimate of tc in De�nition 1.

(2) De�ne zw =
p

x2
w + y2

w, tw = tan� 1(yw=xw).
(3) The odometry data is contaminated with a drifting error. Thus the

resulting set (tw;zw) gives a skew representation of the true shape. By
making a least squares �t between two consecutive data setsfrom the
same object, we �nd and compensate for the odometry drift at each
time step. For details of the procedure we refer to [13].

(4) The resulting set is denseand possibly contaminated with outliers. A
rough pre�ltering removesoutliers and producesa sparsedata set(t;z)
which allows for faster computations: The set (tw;zw) is divided into N
windows. For eachconsecutive window , the mean and standard devi-
ations of tw and zw are computed, points outside one standard devia-
tion are removed, and the mean is computed again. The secondmean
values (ti ;zi); i = 1; : : : ;N constitute the input data to Algorithm 4.1.

5.3 ComputationTime

From the implementation details of Section4, it is clear that the bottleneck
of Algorithm 4.1 is the inversion of the matrix H 2 RM� M, where M is
the chosen level of discretization. As M ! ¥ the discretized problem ap-
proachesthe analytical problem and the accuracyof the solution impr oves.
The price is an increasein computational time. The size N of the input
data set determines the number of nonzero elements in the vector c (Equa-
tion (21)) and thereby also affects the computation time. The magnitude of
N is set in the pre�ltering step, and while computation time bene�ts from
a small value, a larger one may yield a more rapid convergence,allowing
for fewer iterations. In SLAM applications, large association matrices are
often inverted on line, seefor instance [28]. For on line applications of Al-
gorithm 4.1a similar approachshould beused for inversion of the matrix H.



As the aim of the simulations and experiments in this work was to evaluate
accuracy and convergence properties of Algorithm 4.1, time-optimization
of the code remains for futur e work.

5.4 Results

The relative error between the spline generated by Algorithm 4.1 at itera-
tion k and the true curve is de�ned as

ek = kr̂k � r̂truek=kr̂truek (31)

where r̂k is the discretized smoothing spline output and r̂ true is the corre-
sponding true curve in polar coordinates.

For eachtest object we plot the error convergenceand resulting spline ap-
proximation after a number of iterations. The stars plotted around the con-
tours represent the data set (ti ;zi) used for the �nal iteration, after the con-
version and pre�ltering discussed in Section 5.2. The headings of the �g-
ures indicate the values used of e0 and M, noise level, number of iterations
and the quote eend=e1 between initial and �nal error.

5.4.1 SimulatedData

The contours investigated in simulation correspond to lakes and ponds lo-
cated in the Arbuckle-Simpson Aquifer study area in Oklahoma. Maps of
the areaare available on line in the form of MA TLAB shape�les, published
by the Oklahoma Water ResourcesBoard in 2004(http://www.owrb.state.ok.us/).
The simulation data used to reconstruct the contours of the lakesand ponds
was constructed by making samplings from the true contours and adding
noise. The samplings may be considered sparse in the sensethat the ra-
tio between number of data points and the chosen number of discretiza-
tion points for the curve (called M in Section 4) is roughly 1/20. We use
M = 1600and N � 80, depending on the sizeof the contour. The added noise
was normally distributed with mean zero. The magnitude of the standard
deviation of the added noise is given aspercentageof the mean contour ra-
dius. We iterate over 100data setsfor eachcontour with a decreasingvalue
of ek, chosenasek = e0=

p
k. This is a natural choice as it corresponds to the

expected convergence rate of the algorithm. However other functions or
even a constant value of e will work but might require more tuning to �nd
the best value. In total 25 lake contours were investigated. The complete
simulation resultscanbefound at http://www.math.kth.se/̃karasalo/spline. Due
to spacelimitations only a few illustrating examplesare included in this pa-
per.



5.4.1.1 Three Example Contours We illustrate the performance of the
algorithm with three example contours (Figures 4 - 6 ). The magnitude of
the added noise correspondsto 5%of the mean contour radius, and e0 = 28.
For eachof the test casesthe initial and �nal error was recorded and can be
seenin the captions of Figures4 - 6. For eachof the investigated contours
we plot the error at eachiteration, together with the true contour (dashed)
and the spline approximation at iteration 100.
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Fig. 4. Lake 2, e1 = 0:1218, e100 = 0:0791, e100=e1 = 0:6491.
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5.4.1.2 Sensitivity to Noise To give a �avor of the algorithm's sensitiv-
ity to noise, we perform simulations for an increasing value of the added
noise. Figures7 - 10 show results for one of the lakes using a noise level of
0%, 2:5%, 7:5% and 10%. For eachof the investigated noise levels we plot
the error at eachiteration, together with the true contour (dashed) and the
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Fig. 6. Lake 24,e1 = 0:1251, e100 = 0:0654, e100=e1 = 0:5223.

spline approximation at iteration 100. As expected performance is better
for low to moderate noise levels, but convergenceis still apparent even at
a noise level of 10%. Results for all 25 test casesare summarized in Table 1
for noise levels between 0% and 20%. The table shows initial and �nal er-
rors and over all error decrease.The last column shows the mean number
of iterations required to obtain an error decreaseof at least 25%. Signi�-
cant impr ovement is generally obtained after a few (� 10) iterations. It
should be noted that for dif ferent expected noise levels one should tune
the design parameter e0 for best performance. The aim in this section was
however to demonstrate robustnessof the algorithm even for unexpected
increaseof noise, all simulations have therefore beenrun using e0 = 28. As
seenin Table 1 an increasedlevel of noise does not necessarilymean a sig-
ni�cant deterioration in convergenceperformance in terms of relative error
decrease. However the error convergence displays a noisier behavior as
measurement noise grows large and locally we may well have ek+ 1 > ek
even though the general trend is a decreasingerror.

5.4.1.3 Impact of choice of e0 Studying for instance Equation (20) it is
apparent that a very small value of ek may yield an ill conditioned problem.
If a decreasing e is used, the starting value should be chosen so as to not
only re�ect the �delity of the sensor data but also match the number of
intended iterations. Simulations were run with a noise level of 5% for all
25 test caseswith starting values of e0 ranging from 1 to 100. One example
is shown in Figures 11 - 13 for e0 = 10, 50 and 100. Results for all 25 cases
are summarized in Figure 14. The left plot shows convergence rate as a
function of e0 and the right one shows initial and �nal errors. The largest
mean error decreaseis 47% and occurrs for e0 = 66, Generally a smaller
value of ek yields an error convergence trend closer to the expected rate
1=

p
k. This is reasonablesince decreasing the weight of the stochastic part
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Fig. 7. noise = 0%, e1 = 0:1252, e100 = 0:0648, e100=e1 = 0:5177.
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Fig. 8. noise = 2:5%, e1 = 0:1246, e100 = 0:0649, e100=e1 = 0:5204.
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Fig. 9. noise = 7:5%, e1 = 0:1281, e100 = 0:0729, e100=e1 = 0:5692.



-1000 -500 0 500 1000
-600

-400

-200

0

200

400

600

[m]

[m
]

M = 1600,  iterations = 100,  quote = 0.53663

0 50 100
0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13
lake 24,  e

0
=28,  noise = 0.1

k ( e
k
 = e

0
 / k1/2)

|rk -r
tru

e|/|r
tru

e|

Fig. 10. noise = 10%, e1 = 0:1260, e100 = 0:0748, e100=e1 = 0:5936.

noise e1 e100 e100=e1 k : ek=e1 � 0:75

0 0.0949 0.0541 0.5575 7

2.5 0.0955 0.0543 0.5580 8

5 0.0968 0.0559 0.5699 7

7.5 0.0978 0.0579 0.5864 8

10 0.1038 0.0640 0.6214 8

12.5 0.1025 0.0666 0.6505 8

15 0.1107 0.0649 0.5816 6

17.5 0.1167 0.0687 0.5943 8

20 0.1227 0.0770 0.6441 10
Table 1
Convergenceresults for simulated data. Mean initial and �nal errors for the 25test
contours, mean over all error decreaseand mean number of iterations k needed to
obtain a 25%error decrease.

of the cost function makesthe processmoredeterministic. The price for this
reliable convergencetrend may be larger total errors and a slower over all
convergencerate sinceonly a small amount of new information is added to
the problem at eachiteration. Again we stressthat e0 is a design parameter
that should bechosenwith respectto information on sensorquality and the
intended application.

5.4.2 ExperimentalData

Algorithm 4.1was further evaluated using real data. In this section we pro-
vide convergence results for a square contour and a ”shamr ock” contour
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Fig. 11. Lake 23,convergenceresults for e0 = 10.
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Fig. 12. Lake 23,convergenceresults for e0 = 50.
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Fig. 13. Lake 23,convergenceresults for e0 = 100.
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Fig. 14. Mean convergenceresults for the 25 lake contours for e0 = 1; :::;100.

constructed from three circular objects. The test contours were chosenbe-
causethey presentchallengessuch as sharp edgesand narrow corners. 15
data setswere used for eachtest object. Convergenceresults are provided
in Figures 15 and 16. Figures 17 and 18 show initial and �nal error and
convergence rates for e0 ranging from 1 to 100. For e0 2 [5;15], the error
decreaseis about 40%in 15 iterations. For contours with sharp edgesand
narrow corners, the overall error depends highly on whether you get good
measurements closeto those dif �cult areasor not. This might explain why
the over all initial and �nal errors are larger for the more complex ”sham-
rock” contour as is seenfrom Figures17and 18.

Studying Figures 17 and 18 we notice that for a large e0 there is hardly
any error decreasebetween iteration 1 and 15 - the initial result is basically
as accurate as the �nal one. The SICK scanner produces rather accurate
data, and the solution bene�ts from giving the data high credibility . If this
information on the quality of the data setsis available beforehand, one may
choose a large e0 and perform only one or a few iterations. However, if
we have no prior knowledge of the expected noise level, we should use a
smaller value of e0 and increasethe number of iterations. As mentioned
in Section 5.4.1.3,with a small e0 simulations indicate slower but reliable
convergencetrend for noisy aswell asaccuratedata sets.

6 Conclusions

In this paper we investigated a recursive smoothing spline approach for
contour reconstruction. We derived periodic smoothing splines recursively
from noisy data by solving an optimal control problem for a linear system.
The methods discussed in this paper have previously beenmathematically
analyzed, seefor instance [12]. The main contributions of this paper is the
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Fig. 15. Convergenceof the algorithm for the square object.
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Fig. 16. Convergenceof the algorithm for the ”shamr ock” object.
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Fig. 17. Convergenceof the algorithm for the square object for e0=1,...,100.

derivation of a discrete version of the smoothing spline problem both for
the closed form and recursive approach, and experimental evaluations of
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Fig. 18. Convergenceof the algorithm for the ”shamr ock” object for e0 = 1; :::;100.

the algorithm. We prove that the resulting QP is convex and therefore al-
ways has a unique solution. Simulations and experiments show the con-
vergenceof the recursive approach and the applicability of the schemein
practice.

Future research comprises a convergenceanalysis for the recursive method
and possibly convergence criteria. We seemany possible extensions and
new dir ections for this work, for instance combining sensors in a grid to
construct surfaceestimations or integrating the smoothing spline approach
in existing SLAM algorithms to manage path planning using sparse data
sets. Ideally, to make Algorithm 4.1 truly automatic, it should include a
way of determining the magnitude of e based on the input data without
knowledge of the contour. For regular smoothing splines such methods are
presented in for instance [23] and [26]. Ongoing work includes adapting
such a method to Problem 3.1and Problem 3.2.
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