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Abstract

This paper addressesthe issueof measurement errors in visual servoing. The error
characteristics of the vision basedstate estimation and the associated uncertainty of
the control are investigated. The major contribution is the analysisof the propaga-
tion of image error through poseestimation and visual servoing control law. Using
the analysis,two classicalvisual servoing methods are evaluated: position-basedand
2 1/2 D visual servoing. The evaluation o®ersa tool to build and analyze hybrid
control systemssuch as switching or partitioning control.
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1 In tro duction

The useof visual feedback for closedloop control of a robot motion termed
visual servoing has received a signi¯cant amount of attention during the last
two decades[1], [2]. Most of the key research problem have been related to
the performanceof visual servoing methods in the presenceof measurement
and systemmodeling errors. As a result, a number of variations and hybrid
visual servoing approacheshave beenproposedin the literature to cope with
the inherit problemsof imageand position basedvisual servoing.
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Speci¯c problems such as the e®ectof camera calibration errors have been
studied in [3]. The convergenceproperties of the control part of the systems
are known for most casesas discussedin [4,5]. While the convergenceof the
system is an essential performanceproperty, it does not reveal much about
the generatedrobot tra jectory and its uncertainty.

The proceduresof cameracalibration have improved enormouslyover the last
decade.However, even perfect calibration does not overcomethe restriction
of the image resolution and the imaging processcausesan uncertainty in
the control. Motivated by this fact, in this work we proposesthe useof error
propagationin the analysisand comparisonof di®erent typesof visual servoing
methods, i.e., position-based[1] and hybrid [6].

To provide a commonground for the modeling process,we start with a basic
notation for modeling of a visual servoing systemconsideredin this work as
shown in Figure 1. Here,s denotesimagemeasurements, and oT ∗

c denotesthe
rigid body transformation relating the desiredcamerapose(position and ori-
entation) to a measuredtarget object. Similarly, cTo is the current measured
poseof the object w.r.t. the camera.The systemis divided into three parts:
poseestimation, servoing strategy, and control strategy. This model can be
usedwith most position-basedand hybrid approaches. It is basedon eye-in-
hand con¯guration, and the objective of servoing is de¯ned as bringing the
camerato a desiredposewith respect to the target which is commonlytermed
teach-by-showing approach. The poseestimation part may compute the full
3-D poseof the target, or it may use homography- or epipolar-basedtech-
niquesto infer partial pose.In the caseof hybrid approaches,imagefeatures
are directly usedto control speci¯c degreesof freedom.The choiceof servoing
strategy is basedon the modeling of an error function and thus has a major
e®ecton the robot's tra jectory. On the other hand, the control strategy, such
as for examplea proportional control law, a®ectsconvergenceproperties es-
pecially in the caseof a moving target. The related coordinate systemsare
illustrated in Figure 2.
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Fig. 1. System model.

To comparethe visual servoing approacheswith respect to imageerror model-
ing methods,a commonreferencehasto be de¯ned. We usethe control output
of a Cartesiancontroller asthe reference,sinceit seemsreasonableto study the
sensitivity of the systemby propagatingthe errors in the imagemeasurements
to the actual actuator motion. Thus, our approach predicts the uncertainty of
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Fig. 2. Coordinate systems.

the Cartesian control with respect to the uncertainty in the image measure-
ments. We do not wish to analyzeuncertainty in the imagemeasurements in
detail, but insteadmodel the imageuncertainty with a Gaussiandistribution,
sincea wide variety of methods is applicable for the imageplane tracking. In
this paper, we do not consider the correspondenceproblem since, in visual
servoing, the correspondencescan be tracked one frame to frame basis thus
simplifying the correspondenceproblem. The division of the servoing model
into subsystemsallows us not only to comparethe behavior of completesys-
tems but also to comparetheir components. Furthermore, the error analysis
is usedto compareposition-basedvisual servoing [1] and the hybrid approach
termed 2.5D visual servoing proposedin [6].

The rest of the paper is organizedas follows: We survey related work in Sec-
tion 2 and provide a motivation for the research presented here. In Section3
we describe the poseestimation algorithm and analyzeits error propagation.
Sections4 and 5 present the position-basedand hybrid servoing and their anal-
ysis.Section6 extendsthe analysisof poseestimation uncertainty to cover all
optimization-basedalgorithms. The analytical results are veri¯ed by Monte-
Carlo simulation experiments in Section 7, which also discussesthe merits
of the di®erent approaches.Finally, in Section8, we present a summary and
conclusions.Parts of this work hasbeenpresented in [7].

2 Related work

The work presented in this paper is closely related to the analysis of pose
estimation algorithms. The most commonapproach considersthe casewhere
a 3D model of the object is given and its poseis estimated basedon 2D-3D
correspondences.Although a widely studied problem, most of the proposed
methods are iterativ e which is a disadvantage in the context of visual servoing
where\real-time" is a requirement. There are a few closedform solutions for
point featurebasedposeestimation usingany number of featurepoints [8{11].
In this paper, wehaveusedthe algorithm proposedby Fiore [10] togetherwith
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methods proposedin [12] and [13]. It has to be noted that in the proposed
evaluation framework any other poseestimation algorithm can be used.

Although there are analyzesof sensitivity basedon linear error propagation
(e.g. [13]) in structure-from-motion research, accordingto the authors knowl-
edgeno corresponding analyzeshave beenpublished for the poseestimation.
Haralick hasdemonstratedempirically that poseestimationbreaksdown when
the imagenoiseexceedsa certain threshold [14]. Ansar et al. have presented
a sensitivity analysis where the results are upper bounds for the error de-
rived from matrix perturbation theory [11]. Their experiments reveal that the
boundsarehighly conservativeand thusnot well suited for comparingdi®erent
systemswhich we deal with in this work.

The error characteristicsof visual servoing areusually investigatedfrom either
of the following two points of view: the stabilit y of the closed-loop system,or
the steady-stateerror [15]. It is known that the convergenceof position-based
visual servoing (PBVS) might be inhibited by the loss of stabilit y in pose
estimation [4]. 2.5D servoing does not seemto su®erfrom this problem [5],
unlessthe partial poseestimation becomesunstable. Deng [15] has proposed
use of the steady-stateerror as a measureof sensitivity of visual servoing.
However, if long tra jectories are executed, it is important to estimate the
sensitivity of the system along the tra jectory to, for example, predict the
set of adequatetra jectories in the presenceof errors. Another approach is to
considerthe outliers in the imagedata. Comport et al. [16] have proposeda
schemeto increasethe robustnessby embeddingthe outlier processinginto the
control law. Outlier rejection can also be performed in the image processing
step [17].

Recently, Gans et al. [18] have proposed switching between position- and
image-basedservoing. We foreseethat our error modeling can be usedin the
designof switching strategieswhich is currently an unsolved problem.

3 Pose estimation

In this section, we ¯rst describe the pose estimation algorithm used. It is
basedon earlier work by Fiore [10] and Weng et al.[13]. This is followed by
the analysisof error propagation. The correspondenceproblem is not treated
herebecausein visual servoing it appliesmostly only to the initial estimation
of the pose,as the featurescan be tracked from frame to frame. Initially , the
correspondencescan be found for example using interest point descriptors,
e.g. [19].
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3.1 Estimation algorithm

The poseestimation, also known as the exterior orientation problem, seeks
the similarit y transform consistingof translation t and rotation R that brings
a set of known 3D featurepoints ai into alignment with a set of corresponding
imageplaneprojections(xi, yi). Without lossof generality, wecanassumeunit
focal length of the camera.Then, translation and rotation are the onesthat
best satisfy the set of equations

li

·

xi yi 1
¸ T

= sR(ai + t ), i = 1, . . . , N (1)

whereli are the projective parameters,s is a scalefactor, and N is the number
of feature points.

In this work, the parametersli are ¯rst solved following [10]. We seeklinear
combinations of the N equationsin (1) such that the right hand sidebecomes
zero.De¯ning the data matrix P for 3D points as

P = ( a1 ··· aN
1 ··· 1 ) (2)

wecan¯nd the linear combinationsby ¯nding the weight matrix W 2 RN×(N−4)

which satis¯es
PW = 0. (3)

Thus, W represents the null spaceof P and it can be found from the singular
value decomposition (SVD) of P as the matrix of the N ¡ 4 right singular
vectorsof P corresponding to the null space.Becauseof this, for each of the
linear combinations, each corresponding to a column of W , we have

NX

i=1

wijli

2

6
6
6
6
6
4

xi

yi

1

3

7
7
7
7
7
5

= 0 for j = 1, . . . , N ¡ 4. (4)

De¯ning the vector of projective parametersl = [l1, . . . , lN ], we can write this
as Gl = 0 where

G =

2

6
6
6
6
6
6
4

w1,1

·

x1 y1 1
¸ T

. . . wN,1

·

xN yN 1
¸ T

...
...

w1,1

·

x1 y1 1
¸ T

. . . wN,1

·

xN yN 1
¸ T

3

7
7
7
7
7
7
5

. (5)

Noting that every third row of G is a column of W , l must be in the left
null spaceof W , spannedby PT . Therefore, we can write l = PT ® for an
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unknown vector ® 2 R4. Then, ® can be found as the solution to the set of
homogeneouslinear equations

C® ´

2

6
6
6
6
6
4

W1,1 ( x1
y1 ) ¢¢¢ WN,1 ( xN

yN )
...

...

W1,N−4 ( x1
y1 ) ¢¢¢ WN,N−4 ( xN

yN )

3

7
7
7
7
7
5

PT ® = 0. (6)

Usually the systemis overconstrained,and the solution can be found as the
eigenvector corresponding to the smallest eigenvalue of CT C. This in turn
givesthe set of projective parametersl.

Now, we only needto recover the absolute orientation with scaling. With li
known, we can write (1) as

bi = sR(ai + t ), i = 1, . . . , N (7)

where bi = [lixi, liyi, li]T . The unknown scaleparameter s can be solved by
centering the two point setsai and bi, and inspecting the ratio betweenthe
lengths of the centered vectors.Let ¹a and ¹b denotethe meansof setsai and
bi. Then, the centered vectorscan be de¯ned as ~ai = ai ¡ ¹a and ~bi = bi ¡ ¹b.
Now, as the lengths of the centred point vectorsare invariant to rotation, we
can ignore the rotation and ¯nd the optimal least-squaresscalefrom

s =
P

i k~aikk~bik
P

i k~aik2
. (8)

With s known, we want to ¯nd the rotation matrix that minimizes the sum
of the squareerrorsbetweenthe centered point sets,that is,

P
i k~bi ¡ sR ~aik2

2,
which can alsobe written in matrix form as

kB ¡ RA k2
F (9)

where
A = s

·

~a1 . . . ~aN

¸

B =
·
~b1 . . . ~bN

¸

and k ¢kF denotesthe Frobeniusnorm. This, socalled Orthogonal Procrustes
problem, can be solved using SVD as suggestedby Fiore, but we chooseto
solve the rotation using unit quaternions as presented in [13], as they have
alreadyproposeda suitable error analysis.The method wasactually proposed
already in [12]. We next give an outline of the method, and ask the readerto
consult details in the original source.

A rotation can be represented with a unit quaternion q such that for any
vector a

q ¤ a ¤ ~q=̂ Ra (10)
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where ~q is the quaternion conjugate of q, ¤ is the quaternion product and
R is the corresponding rotation matrix. The quaternion product usedin (10)
can be written as a multiplication by a matrix, similarly to writing the cross
product of vectors using a skew-symmetricmatrix. After somemanipulation
using the basic properties of quaternions, the minimization problem (9) can
be written using the matrix representation of quaternionsas minimization of

min
‖q‖=1

qT Eq (11)

whereE is de¯ned as

E =
NX

i=1

ET
i Ei with E i =

0

B
@

0 (A i ¡ B i)T

B i ¡ A i [A i + B i]×

1

C
A . (12)

Here A i and B i denote the ith column of A and B, respectively, and [¢]×
denotesthe skew-symmetricmatrix corresponding to crossproduct. The unit
quaternion q representing the rotation can be found by minimization of (11)
as the eigenvector corresponding to the smallesteigenvalue of E.

When the quaternion q = (q0, q1, q2, q3)T is known, the rotation matrix can be
calculatedas

R =

Ã
q2

0+q2
1−q2

2−q2
3 2(q1q2−q0q3) 2(q1q3+q0q2)

2(q1q2+q0q3) q2
0−q2

1+q2
2−q2

3 2(q2q3−q0q1)

2(q1q3−q0q2) 2(q0q1+q2q3) q2
0−q2

1−q2
2+q2

3

!

. (13)

Finally, the translation is found from t = s−1RT ¹b ¡ ¹a where¹a and ¹b are the
point set centroids.

3.2 Error analysis

The error analysisin this paper is basedon ¯rst-order error propagation [20].
The goal of this analysis is to determine the covarianceof the poseestimate
with respect to the variancesof image plane coordinates. While errors can
alsobe analyzedby ¯nding worst caseerror bounds, this can result in overly
conservative bounds that are suitable only for small errors. In practice, the
possible redundancy of data in pose estimation (i.e., having more features
than necessary)allows ¯nding stable solutions also in the presenceof noise.
In this paper, it is assumedthat the errors in the poseestimate result from
the noise in the image coordinates of features.Their sourcesinclude spatial
quantization, feature detection, and cameradistortion. However, we assume
that there is no systematiccalibration error and thus the imagenoisecan be
modeledaszero-meanrandom variables.It is further assumedthat the errors
betweenpoints are uncorrelated.
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Let x be the vector of imagecoordinatesof featuressuch that

x = (x1, . . . , xN , y1, . . . , yN )T .

We formulate the error analysisproblem as ¯nding the matrices D t and D R

such that ±t = D t ±x and ±R = D R ±x are linear error estimatesin t and R
with respect to errors in x. In other words, the measurements x areconsidered
to be a®ectedby additive noisesuch that x = x 0 + ±x where x0 is the true
value. We have then a function t (x) for which we inspect its behavior around
the current measurements using a ¯rst-order Taylor expansion.This allows
us to write the estimate of the error in t (x) as ±t (x) = ∂t (x )

∂x ±x. Here, D t

is just the gradient ∂t (x )
∂x . Going through several steps of the algorithm, the

chain-rule of di®erentiation can be usedin determining the gradient. That is,
the gradient for each step can be calculatedseparately.

For vectors, let ¡ denote the covariance matrix, e.g., ¡ x = E[±x ±x
T ]. If the

covarianceof the input and the linear linear mappingsare known, the covari-
ancematricesof the rotation and translation canbe written ¡ R = D R ¡ x D R

T

and ¡ t = D t ¡ x D t
T . Note that matrix R must be represented as a vector r

by concatenatingthe columnsof the matrix into a singlevector. Thus, ±R is
the error in this vector. This notation will be adopted for denoting vectors
corresponding to matricessuch that c is a vector corresponding to matrix C.

It is evident that D t and D R depend on the valuesof both x and every ai,
that is, the imagemeasurements and the object model. The error is now prop-
agatedthrough the poseestimation algorithm. First, it canbe seenthat W in
(3) dependsonly on matrix P where there is no associated uncertainty. The
uncertainty in matrix C (6) can be found by ¯nding the matrix G C that rep-
resents the transform from x to c (and ±c = GC ±x ), the vector representation
of matrix C. This operation is linear so no approximations are needed.The
matrix is easily found to be

GC =
³

Q 1 0 Q 2 0 Q 3 0 Q 4 0
0 Q 1 0 Q 2 0 Q 3 0 Q 4

´ T
(14)

where

Qi =

0

@
W1;1Pi; 1 ··· W1;N −4Pi; 1

...
...

WN ;1Pi;N ··· WN ;N −4Pi;N

1

A .

Next, the linear estimate for the error in CT C is found. Denoting the error
matrix corresponding to vector ±c by ¢ C , the linear estimate is

¢ C T C ¼ CT ¢ C + ¢ C
T C . (15)

Using the vector notation, this can be written as

±C T C ¼ GC T C ±c = GC T C GC ±x = D C T C ±x (16)
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whereGC T C = [K ij] + [L ij] can be determinedusing (15). [K ij] and [L ij] are
matrices with 4 £ 2(N ¡ 4) submatricesK ij and L ij, with K ij equal to CT

when i = j and otherwiseit is a zero matrix. In L ij, the jth row is equal to
the ith row of CT , otherwisethe elements are zero.

To propagatethe error through the eigenvaluedecomposition, weusethe result
presented by Weng et al. in [13]. The linear error term in ®, the smallest
eigenvector of CT C , is given by

±α ¼ H¢H T ¢ C T C ®

= H¢H T [α1I4 α2I4 α3I4 α4I4]±C T C

= Gα±C T C = GαD C T C ±x = Dα±x

(17)

whereH is the matrix of eigenvectorsof CT C and ¢ is given in terms of the
eigenvaluesλi as

¢ = diag
n
0, (λ1 ¡ λ2)−1, (λ1 ¡ λ3)−1, (λ1 ¡ λ4)−1

o
.

For a proof, seeAppendix A of [13].

As the projective parametersdepend linearly on ®, we can ¯nd the associated
error as ±l = PT ±α ¼ PT Dα±x = D l ±x .

We now continue to propagatethe errors to b i. Let

±B = [δl1x1 , ¢¢¢, δlN xN , δl1y1 , ¢¢¢, δlN yN , δl1 , ¢¢¢, δlN ].

The linear approximation for the error is

±B ¼
µ

diag(l) 0 diag(x 1 ::: N )
0 diag(l) diag(y 1 ::: N )
0 0 I

¶ ³
δx
δl

´

=
µ

diag(l)+diag(x 1 ::: N )D l 0
0 diag(l)+diag(y 1 ::: N )D l

D l

¶

±x

= D B ±x

(18)

In the following, wewill skip the detailson linear stepsof the error propagation
to keepthe discussionasbrief aspossiblewhile still stating each approximation
during the nonlinear steps.Centering the set of vectors b i does not involve
nonlinear operations so no approximations needto be done to ¯nd the error
in ~bi. Then, ±B̃ ¼ D B̃ ±x . In calculating the scale,δs ¼ G s±B̃ where

G s =
1

P
i k~aik2

µ
b̃1;1‖a1‖

‖b̃ 1‖
¢¢¢b̃N ;1‖aN ‖

‖b̃ N ‖

¶

(19)

As stated before,the rotation matrix is now estimatedusingunit quaternions.
This encompassesanother caseof determining the eigenvector corresponding
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to the smallest eigenvalue of a matrix E, which is a non-linear combination
of previously known variables. Its error ±E can be found by ¯rst ¯nding the
errors in E i which are linear with respect to errors in B . The error in the
matrix multiplication ET

i Ei can be propagatedasin (15). Finally, the error in
E can be approximated as a matrix product ±E = GE [±T

B̃ , δs]T .

The error can now be propagated in a similar fashion as shown above for
vector ® in (17). As a result, we get the unit quaternion q that represents the
rotation and its error with respect to the errors in input ±q ¼ Gq±E = D q±x .
We can estimate the ¯rst order perturbation of R as ±R ¼ GR ±q = D R ±x

where

GR = 2

0

B
B
B
B
B
B
B
B
@

q0 q3 ¡ q2 ¡ q3 q0 q1 q3 ¡ q1 q0

q1 q2 q3 q2 ¡ q1 q0 q3 ¡ q0 ¡ q1

¡ q2 q1 ¡ q0 q1 q2 q3 q0 q3 ¡ q2

¡ q3 q0 q1 ¡ q0 ¡ q3 q2 q1 q2 q3

1

C
C
C
C
C
C
C
C
A

T

(20)

which results directly from the di®erentiation of (13). The error in the trans-
lation can ¯nally be estimated from the ¯rst-order Taylor expansionas

±t ¼
1
s

(RT ±¹b + ¢ R
T ¹b) ¡

1
s2

δsRT ¹b

= G t ±E = D t ±x

(21)

In summary, we have expressedthe perturbations in the poseestimate as a
linear transformation of the perturbations in the input image.This allows us
also to write the covariancematrices of the poseparametersas

¡ R = D R ¡ x D R
T ¡ t = D t ¡ x D t

T . (22)

The following two sectionsoutline two visual servoing methods and relate the
uncertainty in the poseestimate presented in this section to the uncertainty
in the control.

4 Position Based Visual Servoing

In position-basedvisual servoing (PBVS), the task function is de¯ned in terms
of the posetransformation betweenthe current and the desiredposition, which
canbe expressedasthe transformation cTc∗ (seeFigure 2). The input imageis
usually usedto estimatethe camerato object transformation cTo which canbe
composedwith the object to desiredposetransformation oTc∗ to ¯nd the rela-
tion from the current to the desiredpose.By decomposingthe transformation
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matrices into translation and rotation, this can be expressedas

cTc∗ = cTo
oTc∗ = (

cR o
c t o

0 1 )
³

oR c∗
o t c∗

0 1

´

=
³

cR o
oR c∗

cR o
o t c∗+c t o

0 1

´
=

³
cR c∗

c t c∗
0 1

´ (23)

The task function for position is then the vector ct c∗. For orientation, the
rotation matrix can be decomposedinto axis of rotation u = (u1, u2, u3)T and
angleθ, which can be multiplied to attain the task function uθ using

θ = acos

Ã
trace(R) ¡ 1

2

!

sinθ =

vu
u
t 1 ¡

Ã
trace(R) ¡ 1

2

! 2

u1 =
R32 ¡ R23

2sinθ
u2 =

R13 ¡ R31

2sinθ
u3 =

R21 ¡ R12

2sinθ
.

(24)

Thus, the position-basedcontroller can be written

v = ¡ λ

0

B
@

ct c∗

uθ

1

C
A . (25)

Starting from the result of the analysis of poseestimation, we ¯rst inspect
the camera to object transformation. The rotation matrix R in the image
formation model in (1) is the desired rotation from the camera to object
framescR o. The referenceframe for the translation is expressedwith respect
to the object rather than the camera.Thus, we needto rotate the translation
vector to correspond to cameraframe axes,and ¯nd the uncertainty for this
rotated vector using the uncertainties in both the rotation matrix and the
translation vector. The uncertainty can thus be expressedas

±c t o ¼ G c t o

0

B
@

D R

D t

1

C
A ±x = D c t o ±x . (26)

Assuming that there is no uncertainty associated with the desiredposition,
the error in the rotation from the current to desiredposecanbe approximated
as ¢ cR c∗

¼ ¢ cR o
oR c∗ which can be expressedas ±cR c∗

¼ G cR c∗
±cR o . For the

translation, the corresponding errors can be written

±c t c∗
¼ ¢ cR o

ot c∗ + ±c t o = G c t c∗

0

B
@

±cR o

±c t o

1

C
A = D c t c∗

±x . (27)

What remains is to transform the rotation matrix into a control vector for
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rotation. We usethe uθ form and estimate the errors as

±uθ ¼ Guθ±cR c∗
= D uθ±x , (28)

whereby di®erentiation of the product uθ

Guθ = uδθ + θ±u = uG θ±cR c∗
+ θGu

0

B
@

±cR c∗

δθ

1

C
A .

By partial di®erentiation of θ and u in (24) with respect to elements of R, we
can write

G θ = ¡
1

2sinθ
(1, 0, 0, 0, 1, 0, 0, 0, 1) (29)

and

Gu =

0

@
0 0 0 0 0 1

2 sin µ 0 − 1
2 sin µ 0 −

u 1
tan µ

0 0 − 1
2 sin µ 0 0 0 1

2 sin µ 0 0 −
u 2

tan µ

0 1
2 sin µ 0 − 1

2 sin µ 0 0 0 0 0 −
u 3

tan µ

1

A . (30)

Assuming that a proportional control is used,the error in the control vector
v is ¯nally estimatedas

±v = ¡ λ

0

B
@

±c t c∗

±uθ

1

C
A ¼

0

B
@

¡ λD c t c∗

¡ λD uθ

1

C
A δx = D v ±x . (31)

This allows us also to approximate the covariancematrix of the control error
from ¡ v = E[±v ±T

v ] ¼ D v ¡ x D v
T . The covariancematrix now represents the

uncertainty in the control causedby the uncertainty in the image measure-
ments, and can be usedto examinethe uncertainty in the di®erent degreesof
freedomof the control either separatelyor together.

5 Hybrid Visual Servoing

The hybrid visual servoing approach, called2.5D servoing, wasoriginally pre-
sented asa method suitable for avoiding the target leaving the ¯eld of view of
the camera(a PBVS problem), and to perform servoing without a complete
3D model of the target [6]. It is basedon partial poseestimation usinga scaled
Euclidean reconstruction with a homography decomposition. However, it can
be alsousedwith full poseestimation.

We now brie°y present the 2.5D servoing with full poseestimation used in
our work. The control schemeis basedon controlling the orientation using the
estimated3-D rotation betweenthe current and desiredposesand driving the
vector uθ to zero just as in PBVS. The position in turn is controlled using a
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singlepoint feature that is driven towards its desiredlocation in both image
coordinatesand depth. Thus, the visibilit y of the feature during the servoing
sequenceis guaranteed. The task vector can be de¯ned as

e = [x ¡ x∗, y ¡ y∗, log(Z/Z∗), θuT ]T (32)

where (x, y) is the position of the control point in the image,Z is its depth,
and asterisksdenotethe desiredvalues.The motion control law is then

v = ¡ λ
³

L −1
v −L −1

v L v !
0 I

´
e (33)

where
L−1

v =
µ

−Z 0 −xZ
0 −Z −yZ
0 0 −Z

¶

(34)

and

L vω =

Ã
xy −(1+x2) y

1+y2 −xy −x
−y x 0

!

. (35)

In our framework (Figure 1), the rotation uθ and the depth Z are calculated
using the poseestimation while x and y result directly from imagemeasure-
ments. Z can thus be written as

[X,Y, Z]T = cTo[aT , 1]T . (36)

The sensitivity for the rotation is identical to that presented in the previous
section. However, we desire to estimate the error in the control vector to
recognizecorrelations between the errors in di®erent variables. The error in
the depth can be approximated in terms of the errors on estimated rotation
and translation as

δZ = GZ [D R
T , D t

T ]T ±x (37)

whereGZ canbe determinedfrom (36). The uncertainty in the control output
v can be approximated as ±v = G v [δx, δy, δZ , ±T

u , δθ]T = D v ±x whereG v can
be determinedby di®erentiation of (33) as

G v = ¡ λ
µ

G v1 G v2

¶

G v1 =

0

B
B
B
@

−Z−Z log Z
Z ∗

Zu3θ −2x+x∗−x log Z
Z ∗

−u2θ+yu3θ

−Zu3θ −Z−Z log Z
Z ∗

−2y+y∗−y log Z
Z ∗

+u1θ−xu3θ

Zu2θ −Zu1θ − log Z
Z ∗

−1−yu1θ+xu2θ

0 0 0
0 0 0
0 0 0

1

C
C
C
A

G v2 =

0

B
B
@

0 −Zθ yZθ −Zu2+yZu3
Zθ 0 −xZθ Zu1−xZu3

−yZθ xZθ 0 xZu2−yZu1
θ 0 0 u1
0 θ 0 u2
0 0 θ u3

1

C
C
A .

(38)

Then, the covarianceof the control is approximately ¡ v ¼ D v ¡ x D v
T .
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6 Optimization based pose estimation

In this section,we show how to extend the results of the error estimation of
poseestimation to cover all optimization basedposeestimation algorithms.
The analysis method does not need to take into account a particular opti-
mization method, becauseit only estimateshow the location of the minimum
changeswhen the input of minimization is disturbed. The analysis is based
on [20].

Optimization-basedposeestimation can be de¯ned as minimizing the image
plane error

e =
X

i

2

4

Ã

xi ¡
[1, 0, 0]T R(ai + t )
[0, 0, 1]T R(ai + t )

! 2

+

Ã

yi ¡
[0, 1, 0]T R(ai + t )
[0, 0, 1]T R(ai + t )

! 2
3

5 . (39)

While the rotation matrix R has nine entries, it has only three degreesof
freedom.In minimization, the rotation can be represented as a three-element
vector w = θu, which encodesthe rotation as an angle-axis-pair.

First-order error propagationcanbeusedto inspect the e®ectof uncertainty in
2-D and3-D point coordinatesto the location of the minimum. Let £ = f t , wg
denotethe true poseparametersand X = (a1, x1, y1, . . . , aN , xN , yN )T denote
the set of coordinateswithout errors. The gradient of the error function with
respect to the poseparameterscan now be written as

g(X , £ ) =
∂e(X , £ )

∂£
. (40)

By denoting the measurements by X̂ = X + ¢ X and corresponding pose
parametersby £̂ = £ + ¢ £ , wecanwrite the ¯rst orderTaylor approximation
for the gradient at (X , £ ) using the measurements as

g(X , £ ) = g(X̂ , £̂ ) −
∂gT (X̂ , £̂ )

∂X
¢ X −

∂gT (X̂ , £̂ )
∂£

¢ £ . (41)

The gradient of the error g(¢) must be zeroat both (X , £ ) and (X̂ , £̂ ), so to
a ¯rst order approximation

¢ £ = ¡

Ã
∂gT (X̂ , £̂ )

∂£

! −1
∂gT (X̂ , £̂ )

∂X
¢ X = D ∆Θ¢ X . (42)

The di®erenceof this to the analysisof Sec.3.2 is that now in addition to the
measurement uncertainty, also the uncertainty of the 3D model can be taken
into account. The uncertainty in pose parameterscan then be propagated
through visual servoing laws as shown in Sections3 and 4. The analytical
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forms of the gradients can be calculated using (39) and (40) but they are
omitted here for the sake of brevity.

Similarly to the closed-formposeestimation, we can estimate the covariance
of £ by denoting the covariancematrix of X by ¡ X as

¡ £ = D ∆Θ¡ X D T
∆Θ. (43)

7 Exp erimen tal evaluation

In this section,wepresent the experiments performedto validate the presented
error analysisand to compareposition basedand hybrid visual servoing. We
begin by consideringthe poseestimation algorithm, then investigate the vi-
sual servoing approaches separately, and concludeby discussingthe relative
properties of the approaches.We have alsoperformedexperiments on the es-
timation of uncertainty of optimization-basedposeestimation, which indicate
that the estimatesare valid but choosenot to presents theseresults for the
sake of brevity.

7.1 Pose estimation

The validit y of the analysiswasevaluatedusingMonte-Carlo simulations. This
approach waschosenbecausethe measurement uncertainty is a statistical phe-
nomenon,and Monte-Carlo methods allow the assessment of such quantities.
Also, the assessment of this statistical phenomenonwould be very di±cult
using a real robot and a vision system, becauseit would not be possibleto
accurately estimate the ground truth of the robot motion to the required
accuracy. Figure 3 shows the validit y region of the error estimation. The de-
viation of the translation with respect to imageerror is presented on the left
in Figure 3, while the deviation in the rotation angle is on the right. The
imagecoordinates usedare the pixel coordinates of a simulated camerawith
512£ 512 pixel resolution. The lines present the predicted deviations while
the crossesarethe measuredestimatesfrom 1000Monte-Carlo simulations. To
generatethe Monte-Carlo cases,Gaussianrandom noiseof di®erent variances
was added to the correct point locations. The breakdown point of the error
estimation is whenthe standard deviation in the imagecoordinatesis approx-
imately 5 pixels. Naturally, the breakdown point dependson the featurepoint
con¯guration. The 6-featuretarget and its point deviationsusedin the exper-
iment is shown on the left in Figure 4. Only a part of the whole 512£ 512
image is shown for better accessibility and the viewpoint corresponds to the
initial poseof the visual servoing usedlater in the experiments. The longest
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dimensionof the target object is 0.5m and the distanceis approximately 8m.
Four of the feature points lie in a plane while two are displacedby a small
amount. It should be noted that the breakdown point of the error estimation
coincideswith the breakdown point of the poseestimation, that is, the error
estimation becomesinvalid whenthe poseestimation algorithm starts to break
down. An obvious restriction of the linear error estimation is its inabilit y to
predict the breakdown point as it is primarily a higher order phenomenon.
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Fig. 3. Measuredand predicted deviations in poseestimateswith respect to image
error: (left) translation; (right) rotation angle.
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Fig. 4. (left) Deviation of image points for σx = 100.65 ≈ 5 pixels; (right) Image
plane tra jectories for PBVS.

The point con¯guration has a remarkable e®ecton the poseestimation ac-
curacy. To investigate this, an experiment with random con¯gurations was
performed. Each con¯guration had 8 points uniformly distributed inside a
cube with 1m sides.Again, we usedMonte-Carlo simulations to examinethe
uncertainty. In Figure 5, the measuredand predicted uncertainties are shown
for 50 random con¯gurations for two translational axesof freedom.The un-
certainties are expressedin meters.The solid lines are the predictionsand the
crossesthe Monte-Carlo estimates.The predictions show high correlation to
the Monte-Carlo measurements, with correlation coe±cients of ρX ¼ 0.995
and ρY ¼ 0.996.Thus, the prediction is able to describe the e®ectof the point
con¯guration. A noteworthy point is alsothat the peaksin the graphsin Fig-
ure 5 do not always coincide.This meansthat a con¯guration often haslarger
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Fig. 5. E®ect (uncertainty in meters) of point con¯guration on two axes.
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Fig. 6. E®ectof distance on (left) translation; (right) rotation angle.

uncertainty in somedirections than others.

Another parameter a®ecting the accuracy is the distance to the target. A
set of Monte-Carlo experiments was performed assumingconstant deviation
in image coordinates. Figure 6 shows how the uncertainty grows as the dis-
tance increases.The solid lines are again the predictions and the crossesare
Monte-Carlo estimates.The errors are scaledwith an exponential factor to
demonstratethe error behavior, with metersusedfor distanceand radiansfor
angle. The graph on left shows the cubic root of the translational error on
one axis with respect to the distance while the right one is the squareroot
of the error in the rotation angle. It is easyto seethat the translation error
is proportional to the third power of the distance while the rotational error
is proportional to the squareddistance.The cubic nature of the translational
error was observed for the all three axes.

The analysispredicted also very high correlation between the translation in
x-axis and rotation around y-axis, as well as vice versa. This translation-
rotation-ambiguity is a well known phenomenonin structure-from-motion.

17



7.2 Position-based servoing

The following experiments assumea servoing task wherethe camerais initially
rotated around all axesand positioned relatively far away from the goal po-
sition (around ten times the desireddistance).This allows us to evaluate the
e®ectof the distanceto the servoing and also investigatethe rotation around
di®erent axes.The target is the sameas presented in the previous section.
The tra jectoriesof the featuresin the imageplane are shown on the right in
Figure 4.

The validit y of the analysis was veri¯ed by displacing the feature locations
using a known error distribution and measuringthe deviation of the control
output. In Figure 7, the predictedand measureddeviationsin the translational
velocities in y (dotted line) and z (dashedline) are shown, as well as in the
rotational velocities around the sameaxes.The units arem/s for translational
velocity and radian/s for rotation. The ¯gure shows that the measuredand
predicted deviations correspond very well, which indicates that the theoretic
analysisis valid. It shouldbenoted that the errorsareproportional to the gain
of the controller λ (seeEq. 31) which wasset to unit value in the experiment.
Thus, the graphs should be only usedto investigate the behavior over time,
and the absolutevaluesare not essential.
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Fig. 7. Measuredand predicted deviations in PBVS control output: (left) transla-
tion; (right) rotation.

Figures8 and 9 demonstratethe error behavior of position-basedservoing.The
resultsarepresented in both world and cameraframesbecausethe world frame
is the mostnatural way to inspect the error in termsof the Cartesiancontroller,
while the camera frame reveals information about the directional nature of
the error. In the ¯gures, the solid line corresponds to x-axis translation and
rotation, the dotted line to y-axis, and the dashedline to z-axis.

Left column in Figure 8 shows the negative exponential velocity of the Carte-
sian control in PBVS. The absolute deviations (in m/s) in the control are
presented in the middle of Figure 8, and relative (deviation divided by the
control output) on right. It should be again noted that the absolutevaluesof
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Fig. 8. PBVS behavior in world frame: (left column) Velocity/control output; (mid-
dle column) Absolute errors; (right column) Relative errors; (top row) translation;
(bottom row) rotation.
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Fig. 9. PBVS behavior in cameraframe: (left column) Velocity/control output; (mid-
dle column) Absolute errors; (right column) Relative errors; (top row) translation;
(bottom row) rotation.

deviation are not very important as the gain of the controller a®ectsthem. In
the relative errors the e®ectof the gain is negatedasboth the control output
and the uncertainty are a®ectedby the samegain. Figure 9 presents the be-
havior in cameraframe. It can be seenthat the control in the direction of the
cameraoptical axis is much more reliable in terms of imageerrors, as is also
the rotation around the optical axis (coinciding with the world y-axis in the
goal position). There seemsto be little di®erencein the control in the axes
perpendicular to the optical axis near the goalposition, but initially whenthe
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object is not yet aligned to the image plane, there is somedi®erencein the
accuracy. The maximum shown in top right sub¯gure of Figure 9 is caused
by the zero-crossingof the corresponding control (note that this zero-crossing
occursonly in the cameraframe, not in the world frame wherePBVS guaran-
teesa tra jectory along a straight line). Another observation to make is that
the relative error has a minimum along the tra jectory, when the distance to
the target is already quite small, but the target is still not preciselyaligned.
After this minimum, the relative error continues to increaseto a level that
would make the servoing impossibleif the error would exist in practice.

The relative errors can be used to assessthe validit y of the servoing in the
direction of a certain axis so that when the relative error becomesdominant
(say, more than third of the control), the control in that axis can begin to
diverge. The target is almost perfectly aligned in z-coordinate of the world
frame,sothe relativeerror in z-translation is very high throughout the motion,
which seemsto suggestthat there is no reasonto control that axis.

7.3 Hybrid visual servoing

The samecontrol task used with PBVS was also used with the hybrid ap-
proach. The results of the analysiswere veri¯ed by an experiment, which is
presented in Figure 10. The predicted deviations seemto follow the measure-
ments well, which suggeststhat the analysisis valid.
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Fig. 10. Measuredand predicted deviations in HYBVS control output: (left) trans-
lation; (right) rotation.

The error behavior of HYBVS canbeseenin Figure 11for the world frameand
in Figure 12 for the cameraframe. In somerespects, the behavior is similar
to PBVS. Most importantly, the errors in the translation along the optical
axis and in the rotation around it are considerablysmaller than for the axes
parallel to the imageplane.The behavior in rotation resemblesthat of PBVS,
but it is important to note that they are not identical, as the systemshave a
di®erent tra jectory. It is easyto notice that HYBVS hasa faster convergence
in the depth (Figure. 8 and 11), and this seemsto be the reasonfor it to
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attain the constant error region of z-axis rotation sooner (Figures 8 and 11).
The relative errors show another characteristic of HYBVS, the occurrence
of zero-crossingsin the Cartesian control. This can be seeneasily from the
strong peak of the relative error in translation (Figure 8). The relative errors
alsosuggestthe regionswherethe control is likely to divergedue to the errors
in poseestimation. For HYBVS it seemsthat translation can be controlled at
least to somedegreein x and y and rotation in y and z. Now, the translation-
rotation ambiguity can be again seenas the z-axis translation correspondsto
x-axis rotation in the world frame.
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Fig. 11. HYBVS behavior in world frame: (left column) Velocity; (middle column)
Absolute errors; (right column) Relative errors; (top row) translation; (bottom row)
rotation.
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Fig. 12. HYBVS behavior in cameraframe: (left column) Velocity; (middle column)
Absolute errors; (right column) Relative errors; (top row) translation; (bottom row)
rotation.
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7.4 Discussion

A commonreferencetra jectory needsto be de¯ned in order to comparePBVS
and HYBVS uncertainties with respect to time. Figure 13 presents the esti-
matederrorsof HYBVS control whenthe camerais movedalongthe tra jectory
generatedusing PBVS. Thus, the cameralocation with respect to time corre-
sponds to Figure. 8 and 9. The errors are presented in the world frame. The
absoluteand relativeerrorsfor translation in Figure 13correspond to Figure 8.
For the rotation part, the errors are not shown, as they would be identical to
the PBVS casesincethe rotation control is identical. PBVS hasclearly smaller
absoluteerrors than HYBVS in the beginning.A possibleexplanation for this
is that the methods follow a di®erent tra jectory. Another issueis the abilit y
of PBVS to useall feature points for the poseestimation, while HYBVS uses
only a singlepoint to control the tra jectory parallel to the imageplane. The
relative errorshave somesimilarities, in particular the order of the axesis the
same.For the translation along y (which is closestto the optical axis, and
which has the longest initial distance), the relative error amplitudes seemto
be comparable.For the x-axis, which hassomeinitial error, PBVS is initially
lessprone to errors, while later in the tra jectory the errors becomecompara-
ble. For the z-axis, HYBVS has slightly smaller error, but it is unlikely that
either can be usedfor e±cient control, as the error is large. In addition, the
reasonthat HYBVS has smaller relative error is that it initially controls the
axis away from the point of convergenceas was seenin the existenceof the
zero-crossingdiscussedearlier.
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Fig. 13. HYBVS translation errors on PBVS tra jectory: (left) absolute; (right) rel-
ative.

8 Summary and Conclusion

In this paper, we have analyzed the e®ectof measurement errors in visual
servoing. The main contribution of this paper is the idea of the propagation
of image error through poseestimation and visual servoing control law. In
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particular, we have investigatedthe properties of the vision systemand their
e®ect to the performanceof the control system. Two servoing approaches
have been evaluated: i) position-based,and ii) 2 1/2D visual servoing. In
our approach, the analysis is performed using a particular pose estimation
algorithm and two visual servoing approaches.Sincethe generalmethodology
can be used with any other poseestimation algorithm, we believe that this
work provides novel information and serve as an example that our analysis
framework is suitable for visual sevoing. It is alsopossibleto extendthe results
to other servoing strategies.Particularly, weshow how any optimization-based
poseestimation approach can be analyzed. However, we feel that a closed-
form solution is better suited to visual servoing becauseof real-time issues
involved. We believe that our evaluation o®ersa valid tool to designhybrid
control systemsbasedon, for example,switching [18] or partitioning [6].

Our future work will investigatethe following questions:Can we usethis mea-
sure of uncertainty to control only viable degreesof freedom?For example,
to ¯rst control the robot to a more reasonabledistancefrom an initially dis-
tant poseand then, when closeto target, control the more di±cult degreesof
freedom.Recently, a stacked controller architecture hasbeenproposedwhich
couldbeusedto implement this typeof control [21].Wealsowant to propagate
the error through the pure imagebasedvisual servoing control law and com-
pare this to the results presented here. The last question we want to answer
is: Can we usethis type of evaluation to ¯nd favorable feature con¯gurations
so to obtain optimal or stable behavior, especially in the caseof imagebased
visual servoing, [22].
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