2D1240 Numerical Methods 1l / André Jaun, NADA, KTH

3 SYSTEMS OF LINEAR EQUATIONS

3.1 INTRODUCTION

3.1.1 Remember: what we saw during the last lessons

Error analysis where & ~ x an approximation

vf'(z)
f(z)
Finite difference formulas are obtained from Taylor expansions

f’(l) _ f(l‘—l— h})L_ f(l‘) +O(h2), fI(JS) _ f(x_'_h)Q_hf(x _ h) +O(h3)

T—x _[rel error out|

x " Jrel error in|

Matlab
Think of vector operations. Perhaps the most important command: help.

3.1.2 Overview: what you will learn today

Solve linear systems with Matlab
LU-factorization, special- and tridiagonal linear systems.

Norms
Vector and matrix norms, condition number.



3.2 LU factorisation / Gaussian elimination (vam 1.4, 1 2.4.9)

Example Solve a simple 3 x 3 system with LU-factorization

1oy 4+ 229+ 223 = 3 1 2 2 T 3
dry+4x9+203 = 6 = Ax=14 4 2 Te | = 6 | =b
41’1 + 6ZL'2 + 4ZL'3 = 10 4 6 4 T3 10

Annihilate subdiagonal entries of 15 column — substract 4 times 1°* row:

1 00 1 2 2 1 2 2
LiA=|-410 4 4 2| =0 —4 -6
-4 0 1 4 6 4 0 2 -4

1 00 3 3

Lib=| -4 1 0 6| =1 —6

-4 0 1 10 -2

1 o001 2 2 12 2
L.LLA=|0 1 0|0 -4 —6|=|0 -4 -6
0 —3 1 0 —2 —4 0 0 —1

1 00 3 3

LoLib=|0 10| -6|=]-6

0 —3 1 —2 1

Solve the upper triangular system with back-substitution from the bottom:

1 2 2 T 3
Ux = L2L1X — 0 —4 —6 T — —6 — L2L1b
—lag = +1 [ —1 w
—4xy = —64 6x3 =X = 3
]_113'1 - +3—2£2 —2113'3 \‘ —1 J
The Lower/Upper triangular matrices factorize the system matrix A = LU
100 1 00 1 00
L=LL;y=| -4 10 0 1 0f(=]410
-4 0 1 0 -1 1 4 11

and can be reused to solve problems with multiple right-hand side vectors
with only a forward substitution followed by a backward substitution:

Ax=LUx =c < Ly=b, Ux=y

y

The rows can be interchanged to keep the multiplyers smaller than unity
in a procedure called pivoting with a permutation matrix PA = LU.



Matlab commands to solve a linear system with a full matrix

>>A=[ 122 ;442 ; 46 4]; b

>> b=[3 6 10]’;

>> x=A\b
x = -1
3
-1

>> [L,U,P1=1u(A)

L =1.00 0 0
1.00 1.00 0
0.25 0.50 1.00

U=4.00 4.00 2.00

0 2.00 2.00
0 0 0.50
P = 0 1 0
0 0 1
1 0 0

Matrix

%» Right-hand side
% Solution using LU factorization

% LU factorization with pivoting

Computational cost O(n?) numbers in memory and O(n?) multiplications
(2x number of unknowns) < (4x memory) < (8x CPU time)

>> pmax=10; T=zeros(pmax,3);

>> for p=5:pmax

n=2"p; A=eye(n)+rand(n); b=(1:n)’;
T(p,1)=p; tic; x=A\b; T(p,2)=toc;

T(p,3)=T(p,2)/8"p;
end
>>
>> T(5:p,:) % p
T = 5.00000000000000
.00000000000000
.00000000000000
.00000000000000
.00000000000000
10.00000000000000

© 00 N O O

N O O O O

time (sec)

.00077000000000
.00312800000000
.01781600000000
.29584900000000
.24861500000000
17.

29415800000000

h
h
h
h
h

O O O ©O O O

2°pmax is the max rank
32 to 1024 unknowns
Setup a random system
Time for solving it
Verify scaling 0(p~3)

time/8"p

.00000002349854
.00000001193237
.00000000849533
.00000001763397
.00000001675349
.00000001610644

Peer Teaching (2 x 1 minutes to think, explain to your neighbour and vote)

Cost of solving multiple right-hand sides. Having calculated an LU facto-
rization, what is the work required for one forward-backward substitution?

«— O(n)

T0(n?)

— O(n?)



3.3 Special types of linear systems (nxam 1.5, 1 2.5.0)

The shape of the matrix plays an essential role and can be exploited to reduce
the memory and the work required by the solver.

Symmetric a;; =a;; or AT =A
Divide memory and work by 2. The inverse is also symmetric.

Hermitian a;; =a; or AY =A
Analogous to symmetric for complex numbers.

Triangular a;; =0, Vi <j (lower) or i > j (upper)
Solve with O(n?) operations using forward or backward substitution.
The inverse has exactly the same shape.

Banded a;; =0, V|i—j|>p
Store O(n) numbers and factorize with O(3%*n) operations.

Tridiagonal a;; =0, V/|i—j|>1
Store O(n) numbers and factorize with O(n) operations — see below!

Sparse Most of the entries a;; are zeros
Try to use iterative methods — check later in this course.

Diagonally dominant |a;| > >, ; [aij|
No need to check for pivoting in the LU factorization.



3.4 Tridiagonal systems (nam 1.6, H 2.5.3)

Algorithm to solve tridiagonal systems with O(n) operations

— di m 0 o 17 € 1 i by |
¢ dy  po : :
Ax= | . - 0 = =b
gn—2 dn—l Pn—1
L 0 0 qTL*I dn | xn h | bn _
i 1 0 0 i D1 0 0
my 1 0 re po
L=10 0 U=1: ' 0
e My_2 1 0 . . Tn—1 DPn-1
. 0 .. 0 Mp—1  dp | 0 ... ... 0 T |

Download tridia from the course webpages:

function x = tridia(d,p,q,b)
% Computes solution x to a tridiagonal system with diagonal d,
% superdiagonal p, subdiagonal q and right hand side vector b
n=length(b); r=d; g=b; x=b;
for i=2:n
i1=i-1; m=q(i1)/r(i1);
r(1)=d(i)-m*p(il);
g(1)=b(i)-m*xg(il);
end
x(n)=g(n)/r(n); % Backward substitution
for i=n-1:-1:1, x(i)=(g(i)-p(i)*x(i+1))/r(i); end

% Gauss elimination

% Forward substitution

Store only three diagonals ¢, d, p, i.e. 3n — 2 ~ O(n) humbers

Eliminate only non zero subdiagonal ¢, i.e. n — 1 ~ O(n) divisions
Forward and backward substitution each require O(n) multiplications
Total 30(n) ~ O(n) operations (not counting +, —, addressing, etc)

Note that tridia is not a standard Matlab function; later we will use the
command sparse instead.



Solve a tridiagonal system with tridia

120 00 1 5.7
252 00 T 11.5
Ax=10 2 5 2 0 T3 | = 1.6 =b
00 2 5 2 T4 6.8
000 25 Ts 9.4

Having copied tridia into your working directory, in Matlab type:

>> dia=[1 5 5 5 5]7;

>> sup=[2 2 2 2]; sub=sup;

>> b=[5.7 11.5 1.6 6.8 9.4]7;
>> x=tridia(dia,sup,sub,b)

x = 1.5000 2.1000 -1.0000 1.2000 1.4000

Inverse of a symmetric tridiagonal system by Edgar Asplund (KTH, ca 1960)
In general, the columns of any inverse matrix C = A~! can be calculated
by solving n linear systems taking the unit vectors e; as right hand side

>> n=size(a,1); c=zeros(size(a));
>> for j=1:n
e=zeros(l,n); e(j)=1; c(:,j)=tridia(dia,sup,sub,e)’;

end
>> ¢
c = 341 -170 84 -40 16
-170 85 -42 20 -8
84 -42 21 -10 4
-40 20 -10 5 -2
16 -8 4 -2 1

The inverse is now a full matrix and requires nO(n) = O(n?) operations.
Apslund showed that for symmetric tridiagonal systems, the inverse can
be calculated more efficiently as follows:

1. calculate the first and last column of the inverse by solving two systems
Ac; =e; and Ac, = e,;
2. the first and last rows are obtained by symmetry

3. use the first row and last column to calculate the upper triangular
matrix from the property c;;c1, = CinCik

4. complete the lower triangular part by symmetry.



)
— _8.(—1
341 —170 81 —40 c21s = —8 (Q 70)
—170 X X X —8 (2315 S8 (8
C= 84 x x x4l es=16 { mas = —8-(—40)
—40 X X X =2 Cascis = 4 (84)
16 -8 4 -2 1 cicis = 4 (—40)
\ C44C15 = —2'(_40)
341 —170 84 —40 16 341 —170 84 —40 16
170 85 —42 20 -8 170 85 —42 20 -8
C= 84 x 21 —10 4| = 84 —42 21 —10 4
—40 x x5 -2 40 20 —10 5 —2
16 -8 4 -2 1 16 -8 4 -2 1

Peer Teaching (2 x 1 minutes to think, explain to your neighbour and vote)

Number of operation for Asplund’s inverse. How does Asplund’s met-

hod scale with the rank of the tridiagonal matrix?

+— O(n) 1+ O(nlogn) — O(n?)

1 none of these

3.5 Vector and matrix norms, condition number (xam 1.7, 1 2.3)

Norm of a vector

n 1/p
x|, = (Z Ixilp>
i=1

Properties:
Ixll: = \fai+ad+.. a2
[l = lim [[z]l, = max |z;]
Norms of a matrix
IAl = max AX]
70 ||Z‘|| Properties:
Al = max ) |l

1<i<n 4
=

Condition number of a matrix

cond(A) = ||A[[[|A™Y]

|| >0 ifz#0

llax|| = |e|||x|| « scalar

[Ix + vl < [x[] + [ly]|

[|Ax|| < [|A[l[[x]|
|ABJ| < [[A]|||B]|



Illustration with the example above
||bl|z = 17.38, ||b||e = 11.5
Al = 9, [|A7"| = 651
cond(A) = 9-651 = 5859 ~ 6 - 10, showing that the linear system is quite
ill conditionned!

Experimental perturbation of a linear system
Input parameters with one decimal, i.e. an uncertainty of +0.05.
Idea: perturb the right hand side vector by that amount:

>> dia=[1 5 5 5 5]; sup=[2 2 2 2];sub=sup;
>> b=[5.7 11.5 1.6 6.8 9.4]; x=tridia(dia,sup,sub,b)
x = 1.5000 2.1000 -1.0000 1.2000 1.4000

>> b1=[5.75 11.45 1.65 6.75 9.45]; xl=tridia(dia,sup,sub,bl)
x1 = 34.0500 -14.1500 7.0500 -2.6500 2.9500

>> b2=[5.65 11.55 1.55 6.75 9.45]; x2=tridia(dia,sup,sub,b2)
x2 =-25.4500 15.5500 -7.6500 4.3500 0.1500

Not a single digit is right! This is the result of the large condition number
which can also be calculated from the perturbations above:

||rel error out||  ||x1 —x||/[|x||] = 32.55/2.1
K= = ~
||rel error in||  ||by —b]||/[/b|]|  0.05/11.5

~ 3600 ~ 4103

This is consistent with the theoretical value 6 - 10® calculated previously.

Software for linear systems in FORTRAN, C, Java — http://www.netlib.org/
LAPACK: Linear Algebra PACKage contains hundreds of routines for
special types of matrices, e.g. sgetrf (factorize), sgetrs (solve)
LINPACK: has been replaced by LAPACK, but is still often being refer-
red to for benchmarks, e.g. sgefa (factorize), sgesl (solve)

BLAS 1-3: Basic Linear ALgebra Subprograms O(n) — O(n?) operations
PETSc: is specialized more for iterative methods, but has also a few direct
solvers for parallel computing — http://www-fp.mcs.anl.gov/petsc



