2D1240 Numerical Methods Il / André Jaun, NADA, KTH

11. SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS (ODE)
11.1.1 Remember: what we saw during the last lesson

Non-linear fitting using the Gauss-Newton method
Optimization searching for an extremum with-/ out using derivatives

11.1.2 Overview: what you will learn today
Euler and Runge-Kutta methods for solving ODEs
Predator-prey model using a system of ODEs

Anharmonic pendulum  writing a 2"9 order equation as a system with two ODEs
Warning instabllity, stiff problem



11.2 Euler and Runge-Kutta methods (NAM 8.2, H 9.3)
Problem: solve the ordinary differential equation for y(t) for ¢ > ¢g
y' = f(t,y), with y(to) =yo

using approximations with small steps tq, t1,... such that¢; 1 = t; + h.
Euler's method can directly be derived from the forward difference

ti+h) =yt

Starting from the initial condition (tg, yg), one step with Euler's method produces an
approximation (¢1,y7) with a local error O (h?); after n steps to reach the final time
tn = tg + nh, the solution (t,, yn) accumulates a global error n®(h?) ~ O(h).




Example solve y/(¢t) = sin(ty) with y(0) = 6 using Euler’s method
Euler method with h=0.2, 0.1, 0.05 and 0.025
function fend=feuler (h) 6.4 ‘ ‘
y=6; t=0; tend=2; n=tend/h; T=t; Y=y;
for i=1:n

f=sin(t*y); y=y+h*f; t=t+h; 6.3f
T=[T; t]; Y=L[Y; yl;
end 6.2
fend=y; plot(T,Y,T,Y,’07%);

return

>> h=0.2; Y2=[]; 2
>> for k=0:3, Y2=[Y2 feuler(h/2°k)], end; B

Y2 = 5.9379 5.9007 5.8823 5.8731
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A Richardson extrapolation can be used to cancel the leading (global) error in O(h)

and calculate the value y(2) ~ 5.8731 + 5°87321Q__51°8823 = 5.8639.

Peer Teaching (2 x 1 minutes to think, explain to your neighbour and vote)

Richardson extrapolation. Which value for Q should you use here above?
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Runge-Kutta (RK2) achieves a better precision with a global error in O(h?)

o h . kl — f(ti7Yi)
Yit1 =VYi Tt E(kl + k2), with { ko = f(t; + h,y; + hky)

Runge-Kutta (RK4) achieves a high precision with a global error in O (h%)

[ kg = f(t;, Yi)

ky = £(t; + 35, ¥i + 3ka)
kg =1(t; + 5, yi+ 5ko)
| kg =1(t; + h, y;+ hks)
In Matlab use help ode23, ode45, odeset for RK methods with variable step size, whe-

re the step size h is continually adjusted to achieve a specified precision with a
minimum number of steps.

h .
Yi+1 =VYi+ g(kl + 2ko + 2kg + ky), with ¢




Example solve y/(t) = sin(ty) with y(0) = 6 using the RK4 method
function f=fsin(t,y),
f=sin(t*y) ;

Runge-Kutta RK4 method with fixed h=0.2, 0.1
return 6.4 : X X

function fend=rk4sin(h)
time=[0 34]; y=6.1866; t=time(1);
n=diff (time) /h; T=t; Y=y; h2=h/2;
for i=1:n
ki=fsin(t, y) s
k2=fsin(t+h2,y+h2xkl);
k3=fsin(t+h2,y+h2*k2) ;
k4=fsin(t+h ,y+h *k3);
y=y+h/6* (k1+2¥k2+2*xk3+k4) ;

t=t+h;

T=[T; t]; Y=[Y; yI1;
end
plot(T,Y); fend=y;
return

5.8 ‘ : ‘
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>> h=0.2; YN=[]; t

>> for k=0:1, YN=[YN rk4sin(h/2"k)]; Y2=YN(end), end;
Y2 = 5.86346010701075 5.86390480621220

>> 7, --- Alternative using Matlab’s solvers

>> tend=2; y0=6; options=odeset(’RelTol’,1le-6,’AbsTol’,le-4]);
>> [T,Y]=0de23(@fsin, [0 tend],y0,options);

>> [T,Y]=o0de45(@fsin, [0 tend],yO,options);

A Richardson extrapolation again cancels the leading (global) error, here in O(h*)

with y(2) ~ 5.86390 4- 289395980340 — 5 86392.




11.3 System of ODEs: predator-prey model (NAM 8.3, H ex9.4 cp9.1)

Example: Volterra-Lotka’s predator-prey model is described by two coupled ODEs

{ dyl =y1( a1 — B1y2)

) a1yl — PB1y1y2 |\ _ ¢
97 = y2(—az2 + Boy1) T < —a2y> + fay1y2 ) v

where yq, yo are the number of preys (e.g. fish) and predators (e.g. sharks). Take
a1 = 1.0 is the natural growth rate of the prey population

81 = 0.1 is the rate at which preys are eaten by the predators
a> = 0.5 is the natural death rate of the predators

B> = 0.02 is the rate at which the predators grow given an amount of food 1

This Is an autonomous system, i.e. time does not appear in the right hand side
f = f(y); it can be solved using a RK4 or Matlab’s own solver ode45

Using Matlab ode45, the time has to be defined as an argument even if it is not used
function f=fpp(t,y) % arguments
al=1.; b1=0.1; a2=0.5; b2=0.02; 7% parameters
f=[ al*y(1)-blxy(1)*y(2)
—a2xy (2)+b2*y (1) *y(2)];

>> time=[0 22]; y0=[100 10];

; [T,Y]l=0de45(’fpp’,time,y0);
>> figure(1) ;plot(T,Y);
>> figure(2);plot(Y(:,1),Y(:,2),y0(1),y0(2),%07)



120 ‘ ;
— breys(y,)
___ predators (y2)

Using your own RK4
>> time=[0 22]; y0=[100 10]’; h=0.1; 100

>> t=time(1); y=y0; T=t; Y=y

>> for i=1:diff(time)/h

>>  fi1=fpp(t,y); f2=fpp(t,y+h*£f1/2);
>>  £3=fpp(t,y+h*£f2/2); f4=fpp(t,y+h*£f3);
>>  y=y+h/6x(f1+2*xf2+2xf3+f4); t=t+h;

>>  T=[T t]; Y=LY yIl;

>> end

>> plot(T,Y)
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The solution has a period of T' =~ 10 depen- 0

ding on the initial condition.
Also note the existance of a stationnary

point (ap/B2; a1 /B1) = (25, 10).

Peer Teaching:
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A fishy problem. Account for the pre-
sence of fishermen; does the absolute
maximum number of preys

1 increase < stay same | decrease
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11.4 System of ODEs: high order equations  (NAM 8.4, H9.1)

High order ODEs can always be transformed into a system of 15t order equations
Define new unknowns uy (t) = y(¢t),us(t) = y'(t), ug(t) = y”(t), etc, and solve

the system
( 1111 \ ( u2 \
, Uy us
u = o = ” :g(t,U)
. | Uy

\ u )\ ftugug,. ) )

Example pendulum with large oscillations.

dt2 \ ‘-l——SmSO—O with  @(0) ==, ¢'(0) = o

Define u; = ¢, uo = ¢’ to obtain an equivalent first order system of ODEs

0 = Ull _ u?
— 1) =
U j{sm uq1 — cun|uo|



The solution obtained with RK4 can be plotted dynamically with

function f=fpend(t,u) % arguments 1

global L ¢ g % parameters c

f=[ u(2) 5
~g/Lxsin(u(1))-c*u(2)*abs(u(2))]; = 0

global L c g; clf % init 8 \@

L=0.8; ¢=0.05; g=9.81; dt=0.05; % parameters Q

yo=[pi 7.8]; time=[0 9.9]; % IC, step Q.

t=0; y=y0; Y=y; T=t;

xL=L*sin(y(1)); yL=-L*cos(y(1)); % plot
subplot(3,3,7);hold on;ylabel(’\phi~\ rime(g hi)?);
subplot(3,3,4) ;hold on;ylabel(’\phi(t),\phi~\prime(t)?)
subplot(3,3,1) ,hold on;ylabel(’pendulum?’) ;

axis(1.25x[-L L -L L]),axis square

plot ([0 xL],[0 yL]l,’-?),plot(xL,yL,’0?),

set (gcf, ’DoubleBuffer’,’on’) % dyn plot

h
while t<time(2)-dt/2 -8
fi=fpend(y); f2=fpend (y+dt*£1/2) ;% RK4 0
f3=fpend(y+dt*£f2/2) ; f4=fpend (y+dt*£3) ; 10,
y=y+dt* (f1+2*%£2+2xf3+f4)/6; t=t+dt;
Y=[Y; yl; T=[T; t]; pause(0.0) % dyn plot 5|
0
S

subplot(3,3,1) ;plot ([0 xL],[0 yL],’w-’),plot(xL,yL,’wo?)

xL=L*sin(y(1)); yL=-L*cos(y(1));

subplot(3,3,1),plot ([0 xL],[0 yL],’-?), plot(xL,yL,’0’) -

subplot(3,3,4) ,plot(T(end-1:end),Y(end-1:end,1),...
T(end-1:end),Y(end-1:end,2),’:?)

subplot(3,3,7), plot(Y(end-1:end,1),Y(end-1:end,2)) . . .
end 5 10 15




11.5 Warning: instabilities, stiff problems (NAM 8.6, H 9.3)

Instabilities appear when discretization errors get amplified
Reducing gradually the step size with h, h /2, h/4, RK4 appears to converge to the

green dotted line; with h/8 the red dashed solution is totally different!
>> t=0:0.2:34; y=0:0.2:7; 8, y(t)=sin(ty) using RK4 with h, h/2, h/4, h/8
>> [T,Y]=meshgrid(t,y); ! | | | | | ‘
>> FT=0.01*ones(size(T));
>> FY=0.01*sin(T.*Y) ;

>> quiver(T,Y,FT,FY);

>> axis([0 9 0 7]1)

>> for k=0:2

>> rk4sin(0.2/27k)

Instability: diverging solutions using h, h/8

y(®) and y ()

>> end
ans = 0.6123 2
0.6556 1
0.6474
O . 8 3 2 3 00 é 1b 1‘5 2‘0 2‘5 3‘0 35 00 é 21 é é

t t

Two neighbouring solutions grow exponentially apart; the cure is to use implicit met-
hods taught in follow-up courses (TILLNuUM 1&2)

Stiff problems involve two different scales; the step size is dictated by the small scale

y' = —1000y + 1000¢ + 1001 with y(0) =1
general solution: y(t) =1+t + ce 10001
particular solution: y(t) =141

Euler & RK methods require h < 0.002 to reproduce this simple linear solution.



